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P7.1

∆ :=

[
k − 1

n
,
k

n

]
1≤k≤n

とする

∫ 1

0
f (x) dx = sup {s (f,∆)}

= sup

{
n∑

k=1

inf
xk∈Ik

{f (xk)} |Ik|

}

= sup

{
n∑

k=1

0 · 1
n

}
= 0

∫ 1

0
f (x) dx = inf {S (f,∆)}

= inf

{
n∑

k=1

sup
xk∈Ik

{f (xk)} |Ik|

}

= inf

{
n∑

k=1

1 · 1
n

}
= 1∫ 1

0
f (x) dx ̸=

∫ 1

0
f (x) dxから、fが積分できない

A7.1

(1) ∫∫
[−1,1]×[0,1]

x2eydxdy =

∫ 1

0
ey
(∫ 1

−1
x2dx

)
dy

=
2

3

∫ 1

0
eydy

=
2

3
(e− 1)

1



(2)

∫∫
[0,2]×[0,1]

xy cos y2dxdy =

∫ 1

0
y cos y2

(∫ 2

0
xdx

)
dy

= 2

∫ 1

0
y cos y2dy

=
[
sin y2

]1
0

= sin 1

(3)

∫∫
[0,π2 ]×[0,

π
3 ]
(x sin y − y sinx) dxdy

=

∫∫
[0,π2 ]×[0,

π
3 ]
x sin ydxdy −

∫∫
[0,π2 ]×[0,

π
3 ]
y sinxdxdy

=

∫ π
3

0
sin y

(∫ π
2

0
xdx

)
dy −

∫ π
2

0
sinx

(∫ π
3

0
ydy

)
dx

=
π2

8

∫ π
3

0
sin ydy − π2

18

∫ π
2

0
sinxdx

= −π2

8
[cos y]

π
3
0 +

π2

18
[cosx]

π
2
0

= −π2

8

(
1

2
− 1

)
+

π2

18
(0− 1)

=
π2

16
− π2

18
=

π2

144

2



A7.2

(1)

∫ 2

0

∫ 1

0
xy2dxdy =

∫ 2

0
y2
(∫ 1

0
xdx

)
dy

=
1

2

∫ 2

0
y2dy

=
1

6
(8− 0)

=
4

3

(2)

∫ 1

0

∫ 2

0
xy2dydx =

∫ 1

0
x

(∫ 2

0
y2dy

)
dx

=
8

3

∫ 1

0
xdx

=
4

3

(3)

∫ 2

−1

∫ 1

0
2xdxdy =

∫ 2

−1

(
2

∫ 1

0
xdx

)
dy

=

∫ 2

−1
1dy

= 3

3



(4)

∫ 2

0

∫ 1

−1
ex+ydxdy =

∫ 2

0
ey
(∫ 1

−1
exdx

)
dy

=

(
e− 1

e

)∫ 2

0
eydy

=

(
e− 1

e

)(
e2 − 1

)
= e3 − e− e+

1

e
= e3 − 2e+

1

e

(5)

∫ 2

1

∫ 2

0
2y log xdydx =

∫ 2

1
log x

(∫ 2

0
2ydy

)
dx

= 4

∫ 2

1
log xdx

= 4 [x (log x− 1)]21
= 4 (2 (log 2− 1)) = 8 (log 2− 1)

(6)

∫ π
2

0

∫ π
2

0
cos (x+ y)dxdy =

∫ π
2

0

(∫ π
2

0
cos (x+ y)dx

)
dy

=

∫ π
2

0
[sin (x+ y)]

π
2
0 dy

=

∫ π
2

0
(− cos y − sin y) dy

= − [sinx− cosx]
π
2
0

= − (1− (0− 1))

= −2

4



(7)

∫ 2

1

∫ 2

1

1

x2y + y3
dxdy =

∫ 2

1

(∫ 2

1

1

x2y + y3

)
dy

=

∫ 2

1

(
arctan 2

y − arctan 1
y

y2

)
dy

=

∫ 2

1

arctan 2
y

y2
dy −

∫ 2

1

arctan 1
y

y2
dy

= −1

2

∫ 1

2
arctan sds+

∫ 1
2

1
arctan tdt

= −1

8

(
π − 8 arctan 2 + log

25

4

)
+

1

4

(
−π + 2arctan

1

2
+ log

64

25

)
=

1

32

(
−3π + 4arctan

1

2
+ 8 arctan 2 + log

16384

15625

)

(8)

∫ 4

2

∫ 2

1

1

(x+ y)2
dxdy =

∫ 4

2

(∫ 2

1

1

(x+ y)2
dx

)
dy

=

∫ 4

2

(
1

y + 1
− 1

y + 2

)
dy

=

[
log

y + 1

y + 2

]4
2

= log 10− 2 log 3
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A7.3

LHS =

∫ 1

0

(∫ 1

0

x2 − y2

(x2 + y2)2
dx

)
dy

=

∫ 1

0

(∫ 1

0

x2

(x2 + y2)2
dx−

∫ 1

0

y2

(x2 + y2)2
dx

)
dy

= lim
a→0
b→0

∫ 1

b

(∫ 1

a

x2

(x2 + y2)2
dx−

∫ 1

a

y2

(x2 + y2)2
dx

)
dy

= lim
b→0

∫ 1

b

(
lim
a→0

(∫ 1

a

x2

(x2 + y2)2
−
∫ 1

a

y2

(x2 + y2)2

))
dy

= lim
b→0

∫ 1

b

(
lim
a→0

[
− x

x2 + y2

]1
a

)
dy

= lim
b→0

∫ 1

b

(
− 1

y2 + 1
+ lim

a→0

a

y2 + a2

)
dy

= − lim
b→0

∫ 1

b

1

y2 + 1
dy + lim

a→0
b→0

∫ 1

b

a

y2 + a2
dy

= − lim
b→0

[arctan y]1b + lim
a→0
b→0

[
arctan

y

a

]1
b

= arctan 1 + lim
a→0
b→0

(
arctan

1

a
− arctan

b

a

)
= arctan 1 + lim

a→0
b→0

arctan
1

a
− lim

a→0
b→0

arctan
b

a

= arctan 1 +
π

2
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RHS =

∫ 1

0

(∫ 1

0

x2 − y2

(x2 + y2)2
dy

)
dx

= lim
a→0

∫ 1

a

(
lim
b→0

[
y

x2 + y2

]1
b

)
dx

= lim
a→0

∫ 1

a

(
1

x2 + 1
− lim

b→0

b

x2 + b2

)
dx

= lim
a→0

∫ 1

a

1

x2 + 1
dx− lim

a→0
b→0

∫ 1

a

b

x2 + b2
dx

= lim
a→0

[arctanx]1a − lim
a→0
b→0

[
arctan

x

b

]1
a

= arctan 1− lim
a→0
b→0

arctan
1

b
+ lim

a→0
b→0

arctan
a

b

= arctan 1− π

2

=⇒ LHS ̸= RHS

B7.4

fはIで可積であるから

∫
I

f =

∫
I
fで、∆I′ ⊂ ∆Iから∫

I′
f = sup {s (f,∆I′)} < sup {s (f,∆I)} =

∫
I

f∫
I′
f = inf {S (f,∆I′)} > inf {S (f,∆I)} =

∫
I
f

さらに

∫
I′
f ≤

∫
I′
fから∫

I′
f =

∫
I′
f

すなわち、I ′上でも可積である

B7.5

h : I × J −→ R
(x, y) 7→ f (x) g (y)
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hは過程より連続

∫
I×J

f (x) g (y) dxdy =

∫
I×J

h (x, y) dxdy

=

∫
J

(∫
I
h (x, y) dx

)
dy

=

∫
J
g (y)

(∫
I
f (x) dx

)
dy

=

∫
I
f (x) dx

∫
J
g (y) dy

B7.6

∫ b

a

∫ b

a
Fdxdy

=

∫ b

a

∫ b

a
f2 (x) g2 (y) dxdy − 2

∫ b

a

∫ b

a
f (x) g (y) f (y) g (x) dxdy +

∫ b

a

∫ b

a
f2 (y) g2 (x) dxdy

= 2

∫ b

a
f2 (x) dx

∫ b

a
g2 (x) dx− 2

(∫ b

a
f (x) g (x) dx

)2

≥ 0

よって(∫ b

a
f (x) g (x) dx

)2

≤
∫ b

a
f2 (x) dx

∫ b

a
g2 (x) dx

B7.7

(1)

S (f,∆1) =

(
3

2
+

7

2
+ 2 + 4

)
· 1
2
=

11

2

s (f,∆1) =

(
−1 + 1− 1

2
+

3

2

)
· 1
2
=

1

2

(2)

S (f,∆) = sup
Ik∈∆

∑
xk,yk∈Ik

(xk + 2yk + 1) |Ik|
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s (f,∆) = inf
Ik∈∆

∑
xk,yk∈Ik

(xk + 2yk + 1) |Ik|

(3)

∫∫
I×J

(x+ 2y − 1) dxdy =

∫∫
I×J

(x+ 2y − 1) dxdy

= sup s (x+ 2y − 1,∆)

= sup

i=n
j=m∑
i=1
j=1

inf
xi∈I
yj∈J

(xi + 2yj − 1)

∣∣∣∣ |I| |J |mn

∣∣∣∣
= sup

i=n
j=m∑
i=1
j=1

inf

(
(i− 1) I

n
+ 2

(j − 1) J

m
− 1

) ∣∣∣∣ |I| |J |mn

∣∣∣∣
B7.8

0 < y <
1

2
の場合では、f (q) < f (p) , p ∈ Q, q /∈ Qであるから

D :=

[
0,

1

2

]
×
[
0,

1

2

]
の部分を考えよう

稠密性より、任意の分割∆に対して

s (f,∆) =

j=m∑
j=1

inf f (x, y) |Dj | =
j=m∑
j=1

2yj |Dj |

<

j=m∑
j=1

1 |Dj | =
j=m∑
j=1

sup f (x, y) |Dj | = S (f,∆)

すなわち、

∫
D
f = inf S (f,∆) > sup s (f,∆) =

∫
D

fから、

∫
D
f ̸=

∫
D

f

積分できない
累次積分について、x ∈ Qやx /∈ Qの場合は
∫ 1

0
fdydx =

∫ 1

0
1dx = 1 x ∈ Q∫ 1

0
fdydx =

∫ 1

0

∫ 1

0
2ydydx =

∫ 1

0
dx = 1 x /∈ Q

よって、任意のx, yに

ついて、この累次積分は1である
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B7.9

リベーグ

�
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