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2.1

σ (u, v) =


sinu cos v
sinu sin v
1√
3
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cosu sin v

− 1√
3
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 − sinu sin v
sinu cos v

0

 (3)

σu × σv =


1√
3

sin2 u cos v
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sin2 u sin v
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 (4)
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√
1

3
sin4 u cos2 v + 1

3
sin4 u sin2 v + sin2 u cos2 u (5)
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√
1

3
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=
1√
3
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√
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よって、T の曲面積は

Area (T ) =

∫∫
(π
2
,π)×(0,2π)

∥σu × σv∥dudv (8)

=

∫∫
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2
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1√
3
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√
2 cos2 u+ 1dudv (9)

=
2√
3
π

∫ π

π
2
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√

2 cos2 u+ 1du (10)

=
2π√
3
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−1

√
2s2 + 1ds (11)

=

√
6

3
π

∫ 0

− arctan
√
2

1

cos3 tdt (12)

ここでまず、
∫

1

cos3 tdtを考える

I =

∫
1

cos3 tdt (13)

= tan t
1

cos t −
∫

tan2 t
1

cos tdt (14)

= tan t
1

cos t −
∫ (

1

cos2 t − 1

)
1

cos tdt (15)

= tan t
1

cos t −
∫

1

cos3 tdt+
∫

1

cos tdt (16)

= tan t
1

cos t −
∫

1

cos3 tdt+ log
∣∣∣∣tanx+

1

cosx

∣∣∣∣ (17)
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よって、2

∫
1

cos3 tdt =
sin t

cos2 t + log
∣∣∣∣tan t+

1

cos t

∣∣∣∣
⇐⇒

∫
1

cos3 tdt =
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2

(
sin t
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1
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∣∣∣∣)
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√
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3
π
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√
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=

√
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√
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√
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(20)

=

√
6

3
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√
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√
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√
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√
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2.2

σ (u, v) =

 u
v√

u2 + v2

 (23)

σu =

 1
0
u√

u2+v2

 (24)

σv =

 0
1
v√

u2+v2

 (25)

σu × σv =


− u√

u2 + v2

− v√
u2 + v2

1

 (26)

∥σu × σv∥ =
√
2 (27)

(1)

v1 =

 x2 + y − 4
3xy

2xz + z2

 (28)

∇× v1 =


∂
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∂
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∂
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×

 x2 + y − 4
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=

 0
−2z
3y − 1

 (30)
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(2)

∫∫
σ(Ω)

∇× v1dA =

∫∫
σ(Ω)

 0

−2
√
u2 + v2

3v − 1

 ·


− u√

u2 + v2

− v√
u2 + v2

1

dudv (31)

=

∫∫
σ(Ω)

(5v − 1) dudv (32)

=

∫ 2π

0

∫ 3

2

(
5a2 sin t− a

)
dadt (33)

=

∫ 2π

0

[
5

3
a3 sin t− 1

2
a2
]3
2

dt (34)

=

∫ 2π

0

(
95

3
sin t− 5

2

)
dt (35)

=

[
−95

3
cos t− 5

2
t

]2π
0

(36)

= −5π (37)

一方 C1 (t) =

 3 cos t
3 sin t
3

 , C2 (t) =

 2 cos t
−2 sin t

2

とすると
C ′
1 (t) =

 −3 sin t
3 cos t

0

 , C ′
2 (t) =

 −2 sin t
−2 cos t

0


∫
C1

v1 · dx =

∫ 2π

0

 9 cos2 t+ 3 sin t− 4
27 sin t cos t
18 cos t+ 9

 ·

 −3 sin t
3 cos t

0

dt (38)

=

∫ 2π

0

(
−27 sin t cos2 t− 9 sin2 t+ 12 sin t+ 81 sin t cos2 t

)
dt (39)

=

∫ 2π

0

(
54 sin t cos2 t− 9 sin2 t+ 12 sin t

)
dt (40)

= −9π (41)∫
C2

v1 · dx =

∫ 2π

0

 4 cos2 t− 2 sin t− 4
−12 sin t cos t
8 cos t+ 4

 ·

 −2 sin t
−2 cos t

0

dt (42)

=

∫ 2π

0

(
16 sin t cos2 t+ 4 sin2 t+ 8 sin t

)
dt (43)

= 4

∫ 2π

0

(
4 sin t cos2 t+ sin2 t+ 2 sin t

)
dt (44)

= 4π (45)

∫
σ(∂Ω)

v1 · dx =

∫
C1

v1 · dx+

∫
C2

v1 · dx = −5π
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(3)

v2 =

 2z − x2

−2xy − y
2y

 (46)

∇× v2 =


∂

∂x
∂

∂y
∂

∂z

×
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−2xy − y
2y

 (47)

=

 2
2

−2y

 (48)

(4)

∫∫
σ(Ω)

∇× v2dA =

∫∫
σ(Ω)

 2
2

−2v

 ·


− u√

u2 + v2

− v√
u2 + v2

1

dudv (49)

= −2

∫∫
σ(Ω)

(
u√

u2 + v2
+

v√
u2 + v2

+ v

)
dudv (50)

= −2

∫ 2π

0

∫ 3

2
(a (a+ 1) sin θ + a cos θ) dadθ (51)

= −2

∫ 2π

0

(
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6
sin θ +

5

2
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)
dθ (52)

= 0 (53)

一方

∫
C1

v2 · dx =

∫ 2π

0

 6− 9 cos2 t
−18 sin t cos t− 3 sin t

6 sin t

 ·

 −3 sin t
3 cos t

0

dt (54)

= −9

∫ 2π

0

(
3 sin t cos2 t+ 2 sin t+ sin t cos t

)
dt (55)

= 0 (56)

∫
C2

v2 · dx =

∫ 2π

0

 4− 4 cos2 t
8 sin t cos t+ 2 sin t

−4 sin t

 ·

 −2 sin t
−2 cos t

0

dt (57)

= −4

∫ 2π

0

(
2 sin t cos2 t+ 2 sin t+ sin t cos t

)
dt (58)

= 0 (59)

よって、
∫
σ(∂Ω)

v2 · dx =

∫
C1

v2 · dx+

∫
C2

v2 · dx = 0
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