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11.1

ω =
(
x2 + y2

)
dx ∧ dy + dx ∧ dz − dy ∧ dz

ϕ =

 u
v
0


(1)

ϕ∗ω =
(
u2 + v2

)
du ∧ dv + du ∧ d0− dv ∧ d0 (1)

=
(
u2 + v2

)
du ∧ dv (2)

(2) ∫
ϕ|K

ω =

∫∫
{u2+v2<1}

dudv (3)

=

∫ 1

0

∫ 2π

0
r2 · rdθdρ (4)

= 2π

∫ 1

0
r3dr (5)

=
π

2
(6)

11.2

ω =
z√

x2 + y2 + z2
dx ∧ dy − y√

x2 + y2 + z2
dx ∧ dz + x√

x2 + y2 + z2
dy ∧ dz

ϕ (u, v) =

 sinu cos v
sinu sin v
cosu


(1)

ϕ∗ω = zdx ∧ dy + ydz ∧ dx+ xdy ∧ dz (7)

ここで


dx = cosu cos vdu− sinu sin vdv

dy = cosu sin vdu+ sinu cos vdv

dz = − sinudu

dx ∧ dy = (cosu cos vdu− sinu sin vdv) ∧ (cosu sin vdu+ sinu cos vdv)

= sinu cosu cos2 vdu ∧ dv − sinu cosu sin2 vdv ∧ du
= sinu cosudu ∧ dv

dy ∧ dz = (cosu sin vdu+ sinu cos vdv) ∧ (− sinudu)
= sin2 u cos vdu ∧ dv

dz ∧ dx = (− sinudu) ∧ (cosu cos vdu− sinu sin vdv)

= sin2 u sin vdu ∧ dv
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ϕ∗ω = zdx ∧ dy + ydz ∧ dx+ xdy ∧ dz (8)

= sinu cos2 udu ∧ dv + sin3 u sin2 vdu ∧ dv + sin3 u cos2 vdu ∧ dv (9)

= sinu
(
cos2 u+ sin2 u sin2 v + sin2 u cos2 v

)
du ∧ dv (10)

= sinudu ∧ dv (11)

(2) ∫
ϕ|K

ω =

∫∫
(0,π)×(0,2π)

sinududv (12)

=

∫ 2π

0

∫ π

0
sinududv (13)

= 4π (14)

11.1

(1)

dz = 2udu− 2vdvだから、

{
dz ∧ dx = (2udu− 2vdv) ∧ du = 2vdu ∧ dv
dy ∧ dz = dv ∧ (2udu− 2vdv) = −2udu ∧ dv

ϕ∗ω = −
(
v2 + uv

)
du ∧ dv − 2v

(
u− u2v + v3

)
du ∧ dv − 2u

(
v + u3 − uv2

)
du ∧ dv (15)

=
(
−v2 − uv − 2uv + 2u2v2 − 2v4 − 2uv − 2u4 + 2u2v2

)
du ∧ dv (16)

=
(
−2u4 − 5uv − v2 + 4u2v2 − 2v4

)
du ∧ dv (17)

(2) ∫
ϕ|K

ω =

∫∫
{u2+v2<9}

(
−2u4 − 5uv − v2 + 4u2v2 − 2v4

)
dudv (18)

=

∫ 3

−3

∫ √
9−u2

−
√
9−u2

(
−2u4 − 5uv − v2 + 4u2v2 − 2v4

)
dvdu (19)

= − 2

15

∫ 3

−3

√
9− u2

(
531− 293u2 + 56u4

)
du (20)

= −1053

4
π (21)

11.2

(1)

ここで


dx = cosu cos vdu− sinu sin vdv

dy = cosu sin vdu+ sinu cos vdv

dz = − sinudu

dx ∧ dy = (cosu cos vdu− sinu sin vdv) ∧ (cosu sin vdu+ sinu cos vdv)

= sinu cosu cos2 vdu ∧ dv − sinu cosu sin2 vdv ∧ du
= sinu cosudu ∧ dv

dy ∧ dz = (cosu sin vdu+ sinu cos vdv) ∧ (− sinudu)
= sin2 u cos vdu ∧ dv
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dz ∧ dx = (− sinudu) ∧ (cosu cos vdu− sinu sin vdv)

= sin2 u sin vdu ∧ dv

ϕ∗ω = z3dx ∧ dy + y3dz ∧ dx+ x3dy ∧ dz (22)

=
(
sinu cos4 u+ sin5 u sin4 v + sin5 u cos4 v

)
du ∧ dv (23)

= sinu
(
1

4
sin4 u (cos 4v + 3) + cos4 u

)
du ∧ dv (24)

(2)

∫
ϕ|K

ω =

∫∫
(0,π)×(0,2π)

sinu
(
1

4
sin4 u (cos 4v + 3) + cos4 u

)
dudv (25)

=

∫ π

0

1

4
sin5 u

∫ 2π

0
(cos 4v + 3) dvdu+

∫ π

0

∫ 2π

0
sinu cos4 udvdu (26)

=
3

2
π

∫ π

0
sin5 udu+ 2π

∫ π

0
sinu cos4 udu (27)

=
8

5
π +

4

5
π (28)

=
12

5
π (29)
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