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12.1

α (γ (t)) =
rt cos t

r
d (r cos t) + rt sin t

r
d (r sin t) + rdt

= t cos t (−r sin tdt) + t sin t (r cos tdt) + rdt
= −rt sin t cos tdt+ rt sin t cos tdt+ rdt
= rdt

∫
γ
α =

∫ 2π

0
rdt

= 2πr

12.2

ϕ∗ω = −u2vdu+ u3dv + u2
(
u2 + v2

)d (u2 + v2
)

= −u2vdu+ u3dv + u2
(
u2 + v2

)
(2udu+ 2vdv)

= −u2vdu+ u3dv + 2u3
(
u2 + v2

)du+ 2u2v
(
u2 + v2

)dv
=

(
2u5 + 2u3v2 − u2v

)du+
(
2u4v + 2u2v3 + u3

)dv
∫
ϕ|Ω
dω =

∫
{u2+v2=4}

((
2u5 + 2u3v2 − u2v

)du+
(
2u4v + 2u2v3 + u3

)dv)

(
2u5 + 2u3v2 − u2v

)du =
(
64 cos5 t+ 64 sin2 t cos3 t− 8 sin t cos2 t

)
(−2 sin tdt)(

2u4v + 2u2v3 + u3
)dv =

(
64 sin t cos4 t+ 64 sin3 t cos2 t+ 8 cos3 t

)
(2 cos tdt)

(
2u5 + 2u3v2 − u2v

)du = −16
(
8 sin t cos5 t+ 8 sin3 t cos3 t− sin2 t cos2 t

)
dt(

2u4v + 2u2v3 + u3
)dv = 16

(
8 sin t cos5 t+ 8 sin3 t cos3 t+ cos4 t

)
dt

=⇒
(
2u5 + 2u3v2 − u2v

)du+
(
2u4v + 2u2v3 + u3

)dv = 16 sin2 t cos2 t+ 16 cos4 t∫
ϕ|Ω
dω =

∫ 2π

0

(
16 sin2 t cos2 t+ 16 cos4 t

)
dt

=

∫ 2π

0
cos2 tdt

= π

12.3
∫
S
(α+ df) ∧ (β + dg) =

∫
S
(α ∧ β + df ∧ β + α ∧ dg + df ∧ dg)
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d (αg) = dα ∧ g − α ∧ dg = −α ∧ dg
d (βf) = dβ ∧ f − β ∧ df = −β ∧ df
d (fdg) = df ∧ dg − f ∧ d (dg) = df ∧ dg∫

S
(α+ df) ∧ (β + dg) =

∫
S
(α ∧ β + d (βf)− d (αg) + d (fdg))

=

∫
S
(α ∧ β + (∇× (βf))− (∇× (αg)) + (∇× (fdg)))

=

∫
S
α ∧ β

12.4

dω = d




x√

x2 + y2 + z2
y√

x2 + y2 + z2
z√

x2 + y2 + z2

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy




=
2√

x2 + y2 + z2
dx ∧ dy ∧ dz

∫
∂V

ω =

∫
V
dω

=

∫ 2r

0

∫ π

0

∫ 2π

0

2

ρ
· ρ2 sinϕdθdϕdρ−

∫ r

0

∫ π

0

∫ 2π

0

2

ρ
· ρ2 sinϕdθdϕdρ

= 2π

(∫ 2r

0

∫ π

0
2ρ sinϕdϕdρ−

∫ r

0

∫ π

0
2ρ sinϕdϕdρ

)
= 8π

(∫ 2r

0
ρdρ−

∫ r

0
ρdρ

)
= 12πr2

12.1

α = df とすると、


∂f

∂x
= x

(
r2 − z2

)
∂f

∂y
= y

(
r2 − z2

)
∂f

∂z
= −z

(
x2 + y2

) =⇒ f =

∫
x
(
r2 − z2

)dx =
1

2
x2

(
r2 − z2

)
+ g (y, z)

これを ∂f

∂y
= y

(
r2 − z2

)に代入すると ∂

∂y

[
1

2
x2

(
r2 − z2

)
+ g (y, z)

]
= y

(
r2 − z2

)
⇐⇒ ∂

∂y
g (y, z) = y

(
r2 − z2

)
⇐⇒ g (y, z) =

∫
y
(
r2 − z2

)dy =
1

2
y2

(
r2 − z2

)
+ h (z)

∂f

∂z
=

∂

∂z

[
1

2
x2

(
r2 − z2

)
+

1

2
y2

(
r2 − z2

)
+ h (z)

]
= −

(
x2 + y2

)
z +

∂

∂z
h (z) = −z

(
x2 + y2

)
=⇒ h (z) = 0
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以上より、α = df をみたす f =
1

2

(
x2 + y2

) (
r2 − z2

)
∫
γ
α = f (γ (2π))− f (γ (0))

= f (R+ r, 0, 0)− f (R+ r, 0, 0) = 0

12.2

dω = d
 x sin z

k − y cos z
k

x cos z
k + y sin z

k

x2 + y2 + z2

k2

 ·

 dxdy
dz



=


2y +

x sin z
k

k
−

y cos z
k

k

−2x+
x cos z

k

k
+

y sin z
k

k
2 cos z

k

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy
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