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8.1

(1)

∂V =


 x

y
z

 ∈ R

∣∣∣∣∣∣(x2 + y2 + z2 = r2
)
∨
(
x2 + y2 + z2 = 4r2

) = S2 (r) ∪ S2 (2r)

(2)

単位法ベクトル場 ωは p ∈ S2 (a)に対し、ω (p) = 1

a
pとなるので

 x
y
z

 ∈ ∂V に対して r (x, y, z) =



1

2r

 x

y

z

 x2 + y2 + z2 = 4r2

−1

r

 x

y

z

 x2 + y2 + z2 = r2

(3)

∇ · v = 1 + 1 + 0 = 2

(4)

∫∫∫
V
(∇ · v) dxdydz =

∫ 2r

r

∫ π

0

∫ 2π

0
2ρ2 sinϕdθdϕdρ

= 4π

∫ 2r

r

∫ π

0
ρ2 sinϕdϕdρ

= 4π

∫ 2r

r
ρ2 [− cosϕ]π0 dρ

= 8π

∫ 2r

r
ρ2dρ

= 8π

[
1

3
ρ3
]2r
r

=
56

3
πr3
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σ (ρ′, u, v) = ρ′

 sinu cos v
sinu sin v

cosu

 , σu =

 cosu cos v
cosu sin v
− sinu

 , σv =

 − sinu sin v
sinu cos v

0



σu × σv =

 cosu cos v
cosu sin v
− sinu

×

 − sinu sin v
sinu cos v

0


=

 sin2 u cos v
sin2 u sin v
sinu cosu


= ρ′ sinu

 sinu cos v
sinu sin v

cosu



∫∫
∂V

v · dA =

∫ π

0

∫ 2π

0
2r · 2r

 sinu cos v
sinu sin v

0

 · 2r

 sinu cos v
sinu sin v

cosu

 sinudvdu

−
∫ π

0

∫ 2π

0
r · r

 sinu cos v
sinu sin v

0

 · r

 sinu cos v
sinu sin v

cosu

 sinudvdu

=

∫ π

0

∫ 2π

0
7r3 sin3 udvdu

= 14πr3
∫ π

0
sin3 udu

=
56

3
πr3
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8.2

T =


 x

y
z

 ∈ R3

∣∣∣∣∣∣x ≥ 0, y ≥ 0, z ≥ 0, x+ y + z ≤ 2

 ,∇ · v = 2 (x+ y + z)

∫∫
∂T

v · dA =

∫ 2

0

∫ 2−x

0

∫ 2−x−y

0
2 (x+ y + z) dzdydx

= 2

∫ 2

0

∫ 2−x

0

[
(x+ y) z +

1

2
z2
]2−x−y

0

dydx

= 2

∫ 2

0

∫ 2−x

0

(
(x+ y) (2− x− y) +

1

2
(2− x− y)2

)
dydx

=

∫ 2

0

∫ 2−x

0

(
4− x2 − 2xy − y2

)
dydx

=

∫ 2

0

[(
4− x2

)
y − xy2 − 1

3
y3
]2−x

0

dx

=

∫ 2

0

(
(2 + x) (2− x)2 − x (2− x)2 − 1

3
(2− x)3

)
dx

=
1

3

∫ 2

0
(x− 2)2 (x+ 4) dx

=
1

3

[
x4

4
− 6x2 + 16x

]2
0

=
1

3
· 12 = 4

8.1

(1)

∂V =


 x

y
z

 ∈ R3

∣∣∣∣∣∣x
2

4
+ y2 + z2 = 1


(2)

f =
x2

4
+ y2 + z2 − 1,∇f =


x

2
2y
2z


n =

1√
x2

4 + y2 + z2


x

2
2y
2z


(3)

∇ · v = 1 + 1 + 1 = 3

3
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(4)

∫∫
∂V

(∇ · v) dxdydz =

∫ 1

0

∫ 2π

0

∫ π

0
3ρ2 sinϕdϕdθdρ

= 6

∫ 1

0

∫ 2π

0
ρ2dθdρ

= 12π

∫ 1

0
ρ2dρ

= 4π

σ =

 2 sinϕ cos θ
sinϕ sin θ

cosϕ

 , σϕ =

 2 cosϕ cos θ
cosϕ sin θ
− sinϕ

 , σθ =

 −2 sinϕ sin θ
sinϕ cos θ

0



σϕ × σθ =

 2 cosϕ cos θ
cosϕ sin θ
− sinϕ

×

 −2 sinϕ sin θ
sinϕ cos θ

0


=

 sin2 ϕ cos θ
2 sin2 ϕ sin θ
2 sinϕ cosϕ



∫∫
∂V

v · dA =

∫ 2π

0

∫ π

0

 2 sinϕ cos θ
sinϕ sin θ

cosϕ

 ·

 sin2 ϕ cos θ
2 sin2 ϕ sin θ
2 sinϕ cosϕ

dϕdθ

= 2

∫ 2π

0

∫ π

0

(
sin3 ϕ+ sinϕ cos2 ϕ

)
dϕdθ

= 2π

∫ π

0
sinϕdθ

= 4π

8.2

∇ · v = y + 0 + 2y = 3y

∫∫
∂T

v · dA =

∫∫∫
T
3ydxdydz

=

∫ 1

0

∫ 1−x

0

∫ 1−x−y

0
3ydzdydx

=

∫ 1

0

∫ 1−x

0
3y (1− x− y) dydx

=
1

2

∫ 1

0
(1− x)3 dx

=
1

8
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8.3

σ = r

 sinu cos v
sinu sin v

cosu

 , σu =

 r cosu cos v
r cosu sin v
−r sinu

 , σv =

 −r sinu sin v
r sinu cos v

0



σu × σv =

 r cosu cos v
r cosu sin v
−r sinu

×

 −r sinu sin v
r sinu cos v

0


=

 r2 sin2 u cos v
r2 sin2 u sin v
r2 sinu cosu


(1)

∫∫
S2(r)

v · dA =

∫∫∫
S2(r)

3
(
x2 + y2 + z2

)
dxdydz

= 3

∫ r

0

∫ √
r2−x2

0

∫ √
r2−x2−y2

0

(
x2 + y2 + z2

)
dzdydx

= 3

∫ r

0

∫ √
r2−x2

0

((
x2 + y2

)√
r2 − x2 − y2 +

1

3

(
r2 − x2 − y2

) 3
2

)
dydx

=
3

8
π

∫ r

0

(
r4 − x4

)
dx

=
3

8
π

[
r4x− 1

5
x5

]r
0

=
3

10
πr5

(2)

∫∫
S2(r)

v · dA =

∫∫∫
S2(r)

(
x2 + y2 + z2

)
dxdydz

=
1

3

∫∫∫
S2(r)

3
(
x2 + y2 + z2

)
dxdydz

=
1

10
πr5
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(3)

∇ · v = 3 + x+ 2y∫∫
S2(r)

v · dA =

∫∫∫
S2(r)

(3 + x+ 2y) dxdydz

=

∫ r

0

∫ √
r2−x2

0

∫ √
r2−x2−y2

0
(3 + x+ 2y) dzdydx

=

∫ r

0

∫ √
r2−x2

0
(3 + x+ 2y)

√
r2 − x2 − y2dydx

=

∫ r

0

(
1

4
π (x+ 3)

(
r2 − x2

)
+

2

3

(
r2 − x2

) 3
2

)
dx

=
1

16
πr3 (3r + 8)

8.4

σ =

 (R+ r cosu) cos v
(R+ r cosu) sin v

r sinu

 , σu =

 −r sinu cos v
−r sinu sin v

r cosu

 , σv =

 − (R+ r cosu) sin v
(R+ r cosu) cos v

0



σu × σv =

 −r sinu cos v
−r sinu sin v

r cosu

×

 − (R+ r cosu) sin v
(R+ r cosu) cos v

0


=

 −r (R+ r cosu) cosu cos v
−r (R+ r cosu) cosu sin v

−r (R+ r cosu) sinu


∫∫

TR,r

v · dA =

∫∫∫
TR,r

2dxdydz

= 2

∫ r

0

∫ 2π

0

∫ 2π

0
ρ (R+ ρ cosu) dvdudρ

= 4π

∫ r

0

∫ 2π

0
ρ (R+ ρ cosu) dudρ

= 8π2R

∫ r

0
ρdρ

= 4π2Rr2
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