
みかん猫

1 1.1
∫
C
(2x− y)dx+ (x+ y)dy =

∫ 1

0

(
2t− t2

)dt+ (t+ t2
)
2tdt

=

∫ 1

0

(
2t3 + t2 + 2t

)dt
=

[
1

2
t4 +

1

3
t3 + t2

]1
0

=
11

6

2 1.2

∫
C
v · dx =

∫ 1

0

 2 (a+ t) (b+ t) c

(a+ t)2 c

(a+ t)2 (b+ t)

 ·

 1
1
0

dt+ ∫ 2

1

 2 (a+ 1) (b+ 1) (c− 1 + t)

(a+ 1)2 (c− 1 + t)

(a+ 1)2 (b+ 1)

 ·

 0
0
1

dt
=

∫ 1

0

(
2 (a+ t) (b+ t) c+ (a+ t)2 c

)
dt+

∫ 2

1
(a+ 1)2 (b+ 1)dt

= c
(
a2 + 2a (b+ 1) + b+ 1

)
+ (a+ 1)2 (b+ 1)

= a2 (b+ c+ 1) + (2a+ 1) (b+ 1) (c+ 1)

また、線積分の性質を考えると∫
C
v · dx =

∫
C
∇
(
x2yz

)dx
= (a+ 1)2 (b+ 1) c− a2bc+ (a+ 1)2 (b+ 1) (c+ 1)− (a+ 1)2 (b+ 1) c

= (a+ 1)2 (b+ 1) (c+ 1)− a2bc

3 1.3
v =

(
y − x

3x+ 2y

)
, D :=

{(
x
y

)
∈ R2

∣∣∣∣0 ≤ x, y ≤ 1, y ≤ x

}
∫
C
(y − x)dx+ (3x+ 2y)dy =

∫∫
D
∇×

(
y − x

3x+ 2y

)
dxdy

=

∫∫
D
2dxdy

=

∫ 1

0

∫ x

0
2dydx

=

∫ 1

0
2xdx

= 1

1
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4 1.4
(i)

∂

∂x

(
x

x2 + y2

)
− ∂

∂y

(
−y

x2 + y2

)
=

−x2 + y2

(x2 + y2)2
− −x2 + y2

(x2 + y2)2

= 0

(ii)

場合分けにして、
(

0
0

)
は閉曲線の内部に存在しないとき∫

C

−y
x2 + y2

dx+
x

x2 + y2
dy =

∫∫
D
0dxdy

= 0(
0
0

)
が内部に存在するとき、計算便利のため C =

(
r cos θ
r sin θ

)
とする.C ′ =

(
−r sin θ
r cos θ

)
∫
C
vdx =

∫ 2π

0

 −r sin θ
r2

r cos θ
r2

 ·
(

−r sin θ
r cos θ

)
dθ

=

∫ 2π

0
1dθ

= 2π

5 E2.1
(i)
cosu, sinuは C∞から、σも C∞

σu (u, v) =

 −r sinu
r cosu

0

 , σv (u, v) =

 0
0
1


σu (u, v)× σv (u, v) =

 −r sinu
r cosu

0

×

 0
0
1


=

 r cosu
r sinu

0


cosu = sinu = 0をみたす u ∈ (0, 2π)は存在しないから、σu (u, v)× σv (u, v) 6= 0
よって σu (u, v)と σv (u, v)は線形独立である(
u
v

)
,

(
u′

v′

)
∈ D,σ (u, v) = σ (u′, v′)をする

σ (u, v) = σ
(
u′, v′

) r cosu
r sinu
v

 =

 r cosu′
r sinu′
v′


2



みかん猫

よって、cosu = cosu′, sinu = sinu′, v = v′ =⇒ tanu = tanu′, v = v′ =⇒

{
u = u′

v = v′

よって、σは単射である
以上より、σ (D)は σでパラメーター表示された曲面片である

(ii)
x2 + y2 = r2 cos2 u+ r2 sin2 u = r2 ⇒ σ (u, v) ∈ Sr, u ∈ (0, 2π) ⇒ y 6= 0 ( ⇐⇒ x 6= r)
=⇒ σ (D) ⊂ Sr\C x

y
z

 ∈ Sr\C とすると x2 + y2 = r2 ∧
(
x
y

)
6=
(
r
0

)
極座標変換をすると

(
x
y

)
=

(
r cosu
r sinu

)
∧ u 6= 2nπ

u の周期性を考えるとこれは u ∈ (0, 2π) で v = z とすれば v ∈ R も明らかに成立するから x
y
z

 ∈ σ (D) ( ⇐⇒ Sr\C ⊂ σ (D))

6 E2.2
sin, cos は C∞から σも C∞

σu (u, v) =

 a cosu cos v
b cosu sin v
−c sinu

 , σv (u, v) =

 −a sinu sin v
b sinu cos v

0



σu (u, v)× σv (u, v) =

 a cosu cos v
b cosu sin v
−c sinu

×

 −a sinu sin v
b sinu cos v

0


=

 bc sin2 u cos v
ac sin2 u sin v

0


a, b, c > 0, u ∈ (0, π) =⇒ σu (u, v)× σv (u, v) ⇐⇒ sin v = cos v = 0
v ∈ (0, 2π)から、これをみたす vは存在しない
よって σu (u, v)× σv (u, v) 6= 0(
u
v

)
,

(
u′

v′

)
∈ D,σ (u, v) = σ (u′, v′)とする

σ (u, v) = σ
(
u′, v′

) a sinu cos v
b sinu sin v
c cosu

 =

 a sinu′ cos v′
b sinu′ sin v′
c cosu′



sinu cos v = sinu′ cos v′
sinu sin v = sinu′ sin v′
cosu = cosu′

=⇒


cos v = cos v′
sin v = sin v′
u = u′ u ∈ (0, π)

=⇒

{
u = u′

v = v′

よって、σは単射である
以上より、σ (D)は σでパラメーター表示された曲面片である

3
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7 P2.1
多項式だから C∞のは自明である

σu =

 1
2u+ 2v

3u2 + 6uv

 , σv =

 0
2u
3u2



σu × σv =

 1
2u+ 2v

3u2 + 6uv

×

 0
2u
3u2


=

 −6u2v
−3u2

2u


u, v 6= 0 =⇒ σu × σv 6= 0(
u
v

)
,

(
u′

v′

)
∈ Dとする.

 u
u2 + 2uv
u3 + 3u2v

 =

 u′

u′2 + 2u′v′

u′3 + 3u′2v′



よって、
{
u = u′

v = v′

8 P2.2
exは C∞から、σも C∞

σu =

 eu − e−u

eu + e−u

0

 , σv =

 0
0
1



σu × σv =

 eu − e−u

eu + e−u

0

×

 0
0
1


=

 eu + e−u

e−u − eu

0


第１成分は常に 0以上であるから、σu × σv 6= 0(
u
v

)
,

(
u′

v′

)
∈ Dとする.

 eu + e−u

eu − e−u

v

 =

 eu
′
+ e−u′

eu
′ − e−u′

v′



=⇒

{
u = u′

v = v′

4
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9 P2.3
(i)
cos v, sin v : C∞から σも C∞

σu =

 a cos v
b sin v
2u

 , σv =

 −au sin v
bu cos v

0



σu × σv =

 a cos v
b sin v
2u

×

 −au sin v
bu cos v

0


=

 −2bu2 cos v
−2au2 sin v

abu


u 6= 0, abu 6= 0, σu × σv 6= 0 au cos v

bu sin v
u2

 =

 au′ cos v′
bu′ sin v′

u′2

 =⇒


u = u′

cos v = cos v′
sin v = sin v′

=⇒

{
u = u′

v = v′

(ii)
0 /∈ (0, 2π) =⇒ sin v 6= 0 =⇒ y 6= 0

a, b, u > 0から、
(
au cos v
bu sin v

)
/∈ (0,∞)× {0}

x2

a2
+
y2

b2
=

(au cos v)2
a2

+
(bu sin v)2

b2
= u2 cos2 v + u2 sin2 v = u2 = z

∴ σ (D) ⊂ S\C
σ (u, v) ∈ S\C とする au cos v

bu sin v
u2

 ∈


 x

y
z

 ∈ R3

∣∣∣∣∣∣z = x2

a2
+
y2

b2

は常に成立する
σ (u, v) /∈ C =⇒ bu sin v 6= 0 =⇒ v 6= 2nπ
=⇒ σ (u, v) ∈ σ (D) =⇒ σ (D) ⊃ S\C
∴ σ (D) = S\C

10 3.1
(1)

σu =

 −r sinu
r cosu

0

 , σv =

 0
0
1

 , σu × σv =

 r cosu
r sinu

0


p
(π
3
, 1
)
を代入すると σu × σv =

 1
2r√
3
2 r
0


よって、接平面の方程式は

 x− 1
2r

y −
√
3
2 r

z − 1

 ·

 1
2r√
3
2 r
0

 = 0

5
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(2)

n =
σu × σv

‖σu × σv‖

=
1

r

 r cosu
r sinu

0



11 3.2
(1)
多項式は C∞から、σも C∞

σu =

 2u
3u2 − 2

0

 , σv =

 0
0
1

 , σu × σv =

 3u2 − 2
−2u
0


3u2 − 2 = −2u = 0をみたす uは存在しないから、σu × σv 6= 0
(u, v) , (u′, v′) ∈ D,σ (u, v) = σ (u′, v′)とする

=⇒

 r cosu
r sinu
v

 =

 r cosu′
r sinu′
v′

 =⇒


v = v′

cosu = cosu′
sinu = sinu′

=⇒

{
u = u′

v = v′

(2)

pを代入すると、σu × σv =

 −2
0
0


よって、接平面の方程式は

 x+ 2
0
0

 ·

 −2
0
0

 = 0

(3)

n =
σu × σv

‖σu × σv‖

=
1√

9u4 − 8u2 + 4

 3u2 − 2
−2u
0



12 3.1
(1)

σu =

 1
0
u

 , σv =

 0
1
v

,σu × σv =

 −u
−v
1


Π :

 x
y
z

 ·

 0
0
1

 = 0 ⇐⇒ z = 0

6
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(2)
‖σu × σv‖ =

√
u2 + v2 + 1

n =
σu × σv
‖σu × σv‖

=
1√

u2 + v2 + 1

 −u
−v
1



13 3.2
(1)

σu =

 6
0
−2

 , σv =

 0
6
−3

 , σu × σv =

 12
18
36


Π :

 x− 6
y − 6
z + 4

 ·

 12
18
36

 = 0 ⇐⇒ 2 (x− 6) + 3 (y − 6) + 6 (z + 4) = 0

(2)
‖σu × σv‖ =

√
122 + 182 + 362 = 42

n =
σu × σv
‖σu × σv‖

=
1

42

 12
18
36


=

1

7

 2
3
6



14 3.3
(1)

σu =

 1
2u+ 2v

3u2 + 6uv

 , σv =

 0
2u
3u2

 , σu × σv =

 −6u2v
−3u2

2u


p =

 1
−1
−2

 =

 u
u2 + 2uv
u3 + 3u2v

 =⇒

{
u = 1

v = −1

Π :

 x− 1
y + 1
z + 2

 ·

 6
−3
2

 = 0 ⇐⇒ 6 (x− 1)− 3 (y + 1) + 2 (z + 2) = 0

7
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(2)
‖σu × σv‖ =

√
36u4v2 + 9u4 + 4u2 = u

√
9u2 (4v2 + 1) + 4

n =
σu × σv
‖σu × σv‖

=
1

u
√
9u2 (4v2 + 1) + 4

 −6u2v
−3u2

2u


=

1√
9u2 (4v2 + 1) + 4

 −6uv
−3u
2



15 4.1

σ =

 u
v√

r2 − u2 − v2

 , σu =

 1
0

− u√
r2 − u2 − v2

 , σv =

 0
1

− v√
r2 − u2 − v2



σu × σv =


u√

r2 − u2 − v2
v√

r2 − u2 − v2

1

 , ‖σu × σv‖ =
r√

r2 − u2 − v2

(1)

Area (T ) =

∫∫
Ω
‖σu × σv‖dudv

=

∫∫
u2+v2<a2

r√
r2 − u2 − v2

dudv

=

∫ 2π

0

∫ a

0

r√
r2 − δ2

· δdδdθ

=

∫ 2π

0

(
r2 − r

√
r2 −

√
a

)
dθ

= 2πr

(
r −

√
r2 −

√
a

)

8
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(2)
∫∫

T
fdA =

∫∫
Ω

(
4u2v2

√
r2 − u2 − v2

)
· r√

r2 − u2 − v2
dudv

= 4r

∫∫
u2+v2<a2

u2v2dudv

= 4r

∫ 2π

0

∫ a

0
δ4 sin2 θ cos2 θ · δdδdθ

= 4r

∫ 2π

0
sin2 θ cos2 θ

(∫ a

0
δ5dδ

)
dθ

=
2

3
ra6

∫ 2π

0
sin2 θ cos2 θdθ

=
1

6
ra6

∫ 2π

0
sin2 2θdθ

=
1

12
ra6

∫ 2π

0
(1− cos 4θ)dθ

=
1

6
ra6π

(3)

∫∫
T
v1 · dA =

∫∫
Ω

 0
0
3

 ·


u√

r2 − u2 − v2
v√

r2 − u2 − v2

1

dudv
= 3

∫ 2π

0

∫ a

0
δdδdθ

= 3

∫ 2π

0

1

2
a2dθ

= 3πa2

9
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(4)(
u
v

)
=

(
a cos t
a sin t

)
, C (t) = σ (u, v) =

 a cos t
a sin t√
r2 + a2


v2 (C (t)) =

 a cos t− 3a sin t
a sin t (r2 − a2

)
a2 sin2 t√r2 − a2

 , C ′ (t) =

 −a sin t
a cos t

0


∫∫

σ(Ω)
∇× v2 · dA =

∮
∂T
v2 · dr

=

∫ 2π

0

(
a2
(
r2 − a2 − a

) sin t cos t+ 3a2 sin2 t
)
dt

= a2
(
r2 − a2 − 1

) ∫ 2π

0
sin t cos tdt+ 3a2

∫ 2π

0
sin2 tdt

= a2
(
r2 − a2 − 1

) [
−1

4
cos 2t

]2π
0

+ 3a2
[
1

2
t− 1

4
sin 2t

]2π
0

= 3πa2

(5)

v3 (σ (u, v)) =
 u

√
r2 − u2 − v2

v
√
r2 − u2 − v2

r2 −
(
r2 − u2 − v2

)
 =

 u
√
r2 − u2 − v2

v
√
r2 − u2 − v2

u2 + v2

 , σu×σv =


u√

r2 − u2 − v2
v√

r2 − u2 − v2

1


∫∫

T
v3 · dA =

∫∫
Ω

 u
√
r2 − u2 − v2

v
√
r2 − u2 − v2

u2 + v2

 ·


u√

r2 − u2 − v2
v√

r2 − u2 − v2

1

dudv
= 2

∫∫
Ω

(
u2 + v2

)dudv
= 2

∫ 2π

0

∫ a

0
δ2 · δdδdt

=
1

2
a4
∫ 2π

0
dt

= a4π

10
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(6)

C (t) = σ (u, v) =

 a cos t
a sin t√
r2 − a2

 , C ′ (t) =

 −a sin t
a cos t

0


v4 (C (t)) =

 a sin t · (r2 − a2
)

r2 · a cos t
a2 sin t cos t · √r2 − a2


∫∫

σ(Ω)
∇× v4 · dA =

∮
∂T
v4 · dr

=

∮
∂T

 a sin t · (r2 − a2
)

r2 · a cos t
a2 sin t cos t · √r2 − a2

 ·

 −a sin t
a cos t

0

dt
=

∫ 2π

0

(
−a2

(
r2 − a2

) sin2 t+ a2r2 cos2 t
)
dt

=
(
a4 − a2r2

) ∫ 2π

0
sin2 tdt+ a2r2

∫ 2π

0
cos2 tdt

=
1

2

(
a4 − a2r2

) [
t− 1

2
sin 2t

]2π
0

+
1

2
a2r2

[
t+

1

2
sin 2t

]2π
0

= πa4

16 4.1

σu =

 1
0
2u

 , σv =

 0
1

−2v

 , σu × σv =

 −2u
2v
1

 , ‖σu × σv‖ =
√
4u2 + 4v2 + 1

(1)

Area (T ) =

∫∫
Ω
‖σu × σv‖dudv

=

∫∫
Ω

√
4u2 + 4v2 + 1dudv

=

∫ 2π

0

∫ √
3

2

0

√
4δ2 + 1 · δdδdθ

=

∫ 2π

0

∫ 3
4

0

1

2

√
4t+ 1dtdθ

=
1

12

∫ 2π

0

[
(4t+ 1)

3
2

] 3
4

0
dθ

=
1

12

∫ 2π

0
7dθ

=
7

6
π

11
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(2)
∫∫

T
fdA =

∫∫
Ω

(
u2 + v2

)√
4u2 + 4v2 + 1dudv

=

∫ 2π

0

∫ √
3
2

0
δ2 ·

√
4δ2 + 1 · δdδdθ

=
1

32

∫ 2π

0

∫ 4

1

(
t
3
2 − t

1
2

)
dtdθ

=
1

32

∫ 2π

0

[
2

5
t
5
2 − 2

3
t
3
2

]4
1

dθ

=
1

32

∫ 2π

0

116

25
dθ

=
29

60
π

(3)

∫∫
T
v1 · dA =

∫∫
Ω

 −u
(
u2 − v2

)
v
(
u2 − v2

)
u2 + v2

 ·

 −2u
2v
1

dudv
=

∫∫
Ω

(
u2 + v2

) (
2u2 − 2v2 + 1

)dudv
=

∫ 2π

0

∫ √
3

2

0
k2
(
2k2 cos 2θ + 1

)
· kdkdθ

=

∫ 2π

0

cos 2θ [1
3
k6
]√

3
2

0

+

[
1

4
k4
]√

3
2

0

dθ
=

∫ 2π

0

(
9

64
cos 2θ + 9

64

)
dθ

=
9

64

∫ 2π

0
(cos 2θ + 1)dθ

=
9

64

[
θ +

1

2
sin 2θ

]2π
0

=
9

32
π

12
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(4)

C (t) = σ (u, v) =

 a cos t
a sin t

a2 cos2 t− a2 sin2 t

 =

 a cos t
a sin t
a2 cos 2t

 , C ′ (t) =

 −a sin t
a cos t

−2a2 sin 2t


∫∫

σ(Ω)
∇× v2 · dA =

∮
∂T

 −a sin t
a cos t
a2 cos 2t

 ·

 −a sin t
a cos t

−2a2 sin 2t

dt
= a2

∫ 2π

0

(
1− a2 sin 4t)dt

= a2
[
t+

1

4
a2 cos 4t

]2π
0

= 2a2π

17 4.2

σ (u, v) =

 r sinu cos v
r sinu sin v
r cosu

 , σu =

 r cosu cos v
r cosu sin v
−r sinu

 , σv =

 −r sinu sin v
r sinu cos v

0


σu × σv =

 r2 sin2 u cos v
r2 sin2 u sin v
r2 sinu cosu

 , ‖σu × σv‖ = r2 sinu

(1)

Area (T ) =

∫∫
Ω
‖σu × σv‖dudv

=

∫∫
Ω
r2 sinududv

= r2
∫ 3

2
π

π
2

∫ 2
3
π

π
3

sinududv

= r2
∫ 3

2
π

π
2

[− cosu]
2
3
π

π
3
dv

= r2
∫ 3

2
π

π
2

dv

= πr2

13



みかん猫

(2)
∫∫

S
fdA =

∫∫
D

(
r sinu cos v · r sinu sin v · r2 cos2 u) · (r2 sinu)dudv

=

∫∫
D

(
r6 sin3 u cos2 u sin v cos v

)
dudv

=

∫ 2π

0

∫ π

0
r6 sin3 u cos2 u sin v cos vdudv

= r6
∫ 2π

0
sin v cos v

(∫ π

0
sin3 u cos2 udu

)
dv

=
4

15
r6
∫ 2π

0
sin v cos vdv

= 0

(3)

∫∫
S
v1 · dA =

∫∫
D

 0
0

r3 sin3 u cos3 v

 ·

 r2 sin2 u cos v
r2 sin2 u sin v
r2 sinu cosu

dudv
=

∫∫
D
r5 sin4 u cosu cos3 vdudv

= r5
∫ 2π

0
cos3 v

(∫ π

0
sin4 u cosudu

)
dv

= r5
∫ 2π

0
0 · cos3 vdv

= 0

(4)

v2 =
 yz2

xz2

2xyz

 ,∇× v2 =
 2xz − 2xz

2yz − 2yz
z2 − z2

 =

 0
0
0

から
∫∫

σ(Ω)
∇× v2 · dA =

∮
∂Ω

0 · dr = 0

18 4.3

σ (u, v) =

 u
v

u2 + v2

 , σu =

 1
0
2u

 , σv =

 0
1
2v


σu × σv =

 −2u
−2v
1

 , ‖σu × σv‖ =
√
4u2 + 4v2 + 1

14
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(1)

Area (T ) =

∫∫
Ω
‖σu × σv‖dudv

=

∫ 2π

0

∫ 9

2

√
4δ2 + 1δ · dδdt

=
1

2

∫ 2π

0

(
1625

√
13− 17

√
17
)
dt

=
1

6

(
1625

√
13− 17

√
17
)
π

(2)

C1 (t) =

 9 cos t
9 sin t
81

 , C2 (t) =

 2 cos t
−2 sin t

4

 , C ′
1 (t) =

 −9 sin t
9 cos t

0

 , C ′
2 (t) =

 −2 sin t
−2 cos t

0


v1 (C1) =

 81 cos2 t+ 9 sin t− 4
243 sin t cos t

1458 cos t+ 6561

 ,v1 (C2) =

 8− 4 cos2 t
8 sin t cos t+ 2 sin t

−4 sin t


∫∫

σ(Ω)
∇× v1 · dA =

∫ 2π

0

(
1450 sin t cos2 t− 81 sin2 t− 4 sin t cos t+ 20 sin t

)
dt

= −81π

(3)

C1 (t) =

 9 cos t
9 sin t
81

 , C2 (t) =

 2 cos t
−2 sin t

4

 , C ′
1 (t) =

 −9 sin t
9 cos t

0

 , C ′
2 (t) =

 −2 sin t
−2 cos t

0


v2 (C1) =

 162− 81 cos2 t
−162 sin t cos t− 9 sin t

18 sin t

 ,v2 (C2) =

 8− 4 cos2 t
8 sin t cos t+ 2 sin t

−4 sin t


∫∫

σ(Ω)
∇× v2 · dA =

∫ 2π

0

(
478 sin t cos2 t+ 14 sin t cos t− 340 sin t)dt

= 0

19 5.1
(1)
f

def
:= x sin z

k
− y cos z

k
= 0とする、∀p ∈ S, ∀ϵ > 0, ∀U = N (p, ϵ) ∩ S = f−1 ({0})

また、∇f =

 sin z
k

− cos z
k

x
k cos z

k + y
k sin z

k

 = 0 =⇒


sin z

k = 0

− cos z
k = 0

x
k cos z

k + y
k sin z

k = 0

sin z
k = − cos z

k = 0をみたす z ∈ Rは存在しないから、(∇f) (p) 6= 0
以上より、S は正則曲面である

15
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(2)
cos v, sin v : C∞から、σ : C∞

σu =

 cos vsin v
0

 , σv =

 −u sin v
u cos v
k



σu × σv =

 cos vsin v
0

×

 −u sin v
u cos v
k


=

 k sin v
−k cos v

u


sin v = cos v = 0をみたす vは存在しないから、σu × σv 6= 0で、σuと σv は線形独立

 u cos v
u sin v
kv

 =

 u′ cos v′
u′ sin v′
kv′


とすると、第三成分から v = v′で、第一成分または第二成分に代入すると、u = u′

よって、σは単射である.以上より、σは局所パラメーター表示である

(3)
S ⊂ σ

(
R2
)

p =

 x
y
z

 ∈ S とすると x sin z
k
− y cos z

k
= 0

このとき、v =
z

k
, u = x cos v + y sin vとすると

σ (u, v) =

 u cos v
u sin v
kv



=


(
x cos z

k
+ y sin z

k

)
cos z

k(
x cos z

k
+ y sin z

k

)
sin z

k
k
z

k


=

 x
y
z

 ∈ σ
(
R2
)

S ⊃ σ
(
R2
)

σ (u, v) =

 u cos v
u sin v
kv



16
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とする

x sin z
k
− y cos z

k
= (u cos v) sin v − (u sin v) cos v
= 0

から、σ (R2
)
⊂ S

以上より S = σ
(
R2
)

20 5.2
(1)
f = x2 − y2 − r2とすると ∀p ∈ S, ∀ϵ > 0, ∀U = N (p, ϵ) ∩ S = f−1 ({0})

∇f =

 2x
−2y
0

で、∀p =

 x
y
z

 ∈ S, x2 = y2 + r2 > 0から、(∇f) (p) 6= 0

以上より、S が正則曲面である

(2)
σ+と σ−は第一成分の符号だけ違っているから、σ+だけ確認すればいい
coshu, sinhu, v : C∞から σ+ : C∞

σ+u =

 r sinhu
r coshu

0

 , σ+v =

 0
0
1



σ+u × σ+v =

 r sinhu
r coshu

0

×

 0
0
1


=

 r coshu
−r sinhu

0


r coshu = r sinhu = 0をみたす uは存在しないから、σ+u×σ+v 6= 0で、σ+u と σ+v は線形独立

 r coshu
r sinhu

v

 =

 r coshu′
r sinhu′

v′


よって u = u′, v = v′だから、σ+は単射である

(3)
S ⊂ σ+

(
R2
)
∪ σ−

(
R2
)

p =

 x
y
z

 ∈ S とすると x2 − y2 = r2

x2 7→ (r coshu)2 , y 7→ r sinhu, z 7→ vをみたす全単射が存在するから、p ∈ σ+
(
R2
)
∪ σ−

(
R2
)

17
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S ⊃ σ+
(
R2
)
∪ σ−

(
R2
)

p =

 x
y
z

∫ σ+ (R2
)
∪ σ−

(
R2
)とする

(r coshu)2 − (r sinhu)2 = (−r coshu)2 − (r sinhu)2 = r2
(
cosh2 u− sinh2 u

)
= r2

よって、p ∈ S

21 5.1
(1)
f := x2 + y2 − a2 cosh2 z

a
とすると、∀p ∈ S, ∀ϵ > 0, ∀U = N (p, ϵ) ∩ S = f−1 ({0})

∇f =

 2x
2y

−2a sinh z
a
cosh z

a

で、(∇f) (p) = 0となる pは
 0

0
0

であり、
 0

0
0

 /∈ S だ

から (∇f) (p) 6= 0

(2)
coshu, cos v, sin v : C∞から σ : C∞

σu =

 a sinhu cos v
a sinhu sin v

a

 , σv =

 −a coshu sin v
a coshu cos v

0


σu × σv =

 a sinhu cos v
a sinhu sin v

a

×

 −a coshu sin v
a coshu cos v

0


=

 −a2 coshu cos v
−a2 coshu sin v
a2 sinhu coshu


coshu > 0かつ cos v = sin v = 0をみたす v ∈ (0, 2π)は存在しないから、σu × σv 6= 0
よって、σuと σv は線形独立 a coshu cos v

a coshu sin v
au

 =

 a coshu′ cos v′
a coshu′ sin v′

au′


とすると、u = u′で、

{
cos v = cos v′
sin v = sin v′ , v = v′

よって、σは単射である

22 5.2
(1)
f = x2 + y2 − z2 − r2とすると、∀p ∈ S, ∀ϵ > 0, ∀U = N (p, ϵ) ∩ S = f−1 ({0})

∇f =

 2x
2y
−2z

で、(∇f) (p) = 0をみたす pは
 0

0
0

で S に属しないから、(∇f) (p) 6= 0

18
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(2)
coshu, sinhu, cos v, sin v : C∞から σ : C∞

σu =

 r sinhu cos v
r sinhu sin v
r coshu

 , σv =

 −r coshu sin v
r coshu cos v

0



σu × σv =

 r sinhu cos v
r sinhu sin v
r coshu

×

 −r coshu sin v
r coshu cos v

0


=

 −r2 cosh2 u cos v
−r2 cosh2 u sin v
r2 sinhu coshu


coshu > 0かつ cos v = sin v = 0をみたす v ∈ (0, 2π)は存在しないから、σu × σv 6= 0
よって、σuと σv は線形独立

 r coshu cos v
r coshu sin v
r sinhu

 =

 r coshu′ cos v′
r coshu′ sin v′

r sinhu


第三成分より u = u′,

{
cos v = cos v′
sin v = sin v′ , v = v′

よって、σは単射である

23 5.3
(1)
f = x2 + y2 − z2 + r2とすると、∀p ∈ S, ∀ϵ > 0, ∀U = N (p, ϵ) ∩ S = f−1 ({0})

∇f =

 2x
2y
−2z

 = 0をみたす pは
 0

0
0

で
 0

0
0

 /∈ S から、(∇f) (p) 6= 0

(2)
σ+と σ−は第三成分の符号の違いだけあるから、σ+だけ考えればいい
u, v,

√
r2 + u2 + v2 : C∞から σ+ : C∞

σ+u =

 1
0
u√

r2 + u2 + v2

 , σ+v =

 0
1
v√

r2 + u2 + v2



σ+u × σ+v =

 1
0
u√

r2 + u2 + v2

×

 0
1
v√

r2 + u2 + v2



=


− u√

r2 + u2 + v2

− v√
r2 + u2 + v2

1


19
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第三成分は 0ではないから、σ+u × σ+v 6= 0
よって、σ+u と σ+v は線形独立

 u
v√

r2 + u2 + v2

 =

 u′

v′√
r2 + u′2 + v′2



とする. 第一成分と第二成分の比較より、
{
u = u′

v = v′

よって、σ+は単射である

(3)
S ⊂ σ+

(
R2
)
∪ σ−

(
R2
)

 x
y
z

 ∈ S とすると、x2 + y2 − z2 + r2 = 0

u2 + v2 −
(
±
√
r2 + u2 + v2

)2
= −r2で、

 x
y
z

 ∈ σ+
(
R2
)
∪ σ−

(
R2
)

S ⊃ σ+
(
R2
)
∪ σ−

(
R2
)

u2 + v2 −
(
±
√
r2 + u2 + v2

)2
= −r2で、

 x
y
z

 ∈ S

以上より、S = σ+
(
R2
)
∪ σ−

(
R2
)

24 6.1
(1)

f = x sin z
k
− y cos z

k
,∇f =

 sin z
k

− cos z
k

x
k cos z

k + y
k sin z

k


TpS =


 x

y
z

 ∈ R3

∣∣∣∣∣∣
 sin z0

k
− cos z0

k
x0
k cos z0

k + y0
k sin z0

k

 ·

 x
y
z

 = 0


⇐⇒ TpS =


 x

y
z

 ∈ R3

∣∣∣∣∣∣x sin z0k − y cos z0
k

+
(x0
k
cos z0

k
+
y0
k
sin z0

k

)
z = 0


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(2)

n (σ (u, v)) = (∇f) (σ (u, v))
‖(∇f)σ (u, v)‖

=
1√

1 + u2

k2

 sin v
− cos v

u
k

 =
k√

u2 + k2

 sin v
− cos v

u
k


σu =

 cos vsin v
0

 , σv =

 −u sin v
u cos v
k



σu × σv =

 cos vsin v
0

×

 −u sin v
u cos v
k


=

 k sin v
−k cos v

u


‖σu × σv‖ =

√
u2 + k2

だから、 σu × σv
‖σu × σv‖

=
1√

u2 + k2

 k sin v
−k cos v

u

 =
k√

u2 + k2

 sin v
− cos v

u
k



25 6.2
(1)

f = x2 − y2 − r2,∇f =

 2x
−2y
0


TpS =


 x

y
z

 ∈ R3

∣∣∣∣∣∣
 2x0

−2y0
0

 ·

 x
y
z

 = 0

 =


 x

y
z

 ∈ R3

∣∣∣∣∣∣2x0x− 2y0y = 0


(2)

n (σ+ (u, v)) =
(∇f) (σ+ (u, v))

‖(∇f) (σ+ (u, v))‖
=

1

2r
√
cosh 2u

 2r coshu
−2r sinhu

0

 =
1√

cosh 2u

 coshu
− sinhu

0


σ+u =

 r sinhu
r coshu

0

 , σ+v =

 0
0
1

 , σ+u × σ+v =

 r coshu
−r sinhu

0


σ+u × σ+v

‖σ+u × σ+v‖
=

1√
cosh 2u

 coshu
− sinhu

0

 = n (σ+ (u, v))

よって、σ+は正の向きである

n (σ− (u, v)) =
(∇f) (σ− (u, v))

‖(∇f) (σ− (u, v))‖
=

1√
cosh 2u

 − coshu
− sinhu

0


σ−u =

 −r sinhu
r coshu

0

 , σ−v =

 0
0
1

 , σ−u × σ−v =

 r coshu
r sinhu

0


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σ−u × σ−v

‖σ−u × σ−v‖
=

1√
cosh 2u

 coshusinhu
0

 = −n (σ− (u, v))

だから、σ−は負の向き

26 6.1
(1)

f = x2 + y2 − a2 cosh2 z
a
,∇f =

 2x
2y

−a sinh 2z

a


TpS =


 x

y
z

 ∈ R3

∣∣∣∣∣∣∣
 2x0

2y0

−a sinh 2z0
a

 ·

 x
y
z

 = 0


⇐⇒ TpS =


 x

y
z

 ∈ R3

∣∣∣∣∣∣2x0x+ 2y0y − az sinh 2z0
a

= 0


(2)

n (σ (u, v)) = (∇f) (σ (u, v))
‖(∇f) (σ (u, v))‖

=
1

2a cosh2 u

 2 coshu cos v
2 coshu sin v
−a sinh 2u


σu =

 a sinhu cos v
a sinhu sin v

a

 , σv =

 −a coshu sin v
a coshu cos v

0



σu × σv =

 a sinhu cos v
a sinhu sin v

a

×

 −a coshu sin v
a coshu cos v

0


=

 −a2 coshu cos v
−a2 coshu sin v
a2 sinhu coshu


‖σu × σv‖ = a2 cosh2 u
σu × σv
‖σu × σv‖

=
1

a2 cosh2 u

 −a2 coshu cos v
−a2 coshu sin v
a2 sinhu coshu

 = −n (σ (u, v))

よって、σは負の向き
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27 6.2
(1)

f = x2 + y2 − z2 − r2,∇f =

 2x
2y
−2z


TpS =


 x

y
z

 ∈ R3

∣∣∣∣∣∣
 2x0

2y0
−2z0

 ·

 x
y
z

 = 0

 =


 x

y
z

 ∈ R3

∣∣∣∣∣∣x0x+ y0y − z0z = 0


(2)

n (σ (u, v)) = (∇f) (σ (u, v))
‖(∇f) (σ (u, v))‖

=
1√

cosh 2u

 coshu cos vcoshu sin v
− sinhu


σu =

 r sinhu cos v
r sinhu sin v
r coshu

 , σv =

 −r coshu sin v
r coshu cos v

0

 , σu × σv =

 −r2 cosh2 u cos v
−r2 cosh2 u sin v
r2 sinhu coshu


σu × σv
‖σu × σv‖

=
1

r2 coshu
√
cosh 2u

 −r2 cosh2 u cos v
−r2 cosh2 u sin v
r2 sinhu coshu

 =
1√

cosh 2u

 − coshu cos v
− coshu sin v
sinhu


= −n (σ (u, v))

28 6.3
(1)

f = x2 + y2 − z2 + r2,∇f =

 2x
2y
−2z


TpS =


 x

y
z

 ∈ R3

∣∣∣∣∣∣
 2x0

2y0
−2z0

 ·

 x
y
z

 = 0

 =


 x

y
z

 ∈ R3

∣∣∣∣∣∣x0x+ y0y − z0z = 0


(2)

n (σ+ (u, v)) =
1√

r2 + 2u2 + 2v2

 u
v

−
√
r2 + u2 + v2


n (σ− (u, v)) =

1√
r2 + 2u2 + 2v2

 u
v√

r2 + u2 + v2


σ+u =

 1
0
u√

r2 + u2 + v2

 , σ+v =

 0
1
v√

r2 + u2 + v2

 , σ+u × σ+v =

 − u√
r2+u2+v2

− v√
r2+u2+v2

1


σ−u =

 1
0

− u√
r2 + u2 + v2

 , σ−v =

 0
1

− v√
r2 + u2 + v2

 , σ−u × σ−v =


u√

r2+u2+v2
v√

r2+u2+v2

1


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σ+u × σ+v

‖σ+u × σ+v‖
=

1√
r2 + 2u2 + 2v2

 −u
−v√

r2 + u2 + v2

 = −n (σ+ (u, v))

σ−u × σ−v

‖σ−u × σ−v‖
=

1√
r2 + 2u2 + 2v2

 u
v√

r2 + u2 + v2

 = n (σ− (u, v))

よって、正になるものは σ−

29 7.1
(i)
f (x, y, z) =

√
x2 + y2, T1 = σ ((0, k)× (0, 2π))

(M1) T = T1

(M2) σ局所パラメーター表示、(0, k)× (0, 2π)：面積確定、有界
T1 = σ ((0, 2k)× (0, 2π))よりOK

(M3) i 6= j, i, j ∈ {1}は取れない.よって、OK

また σu × σv =

 k sin v
k cos v
u

 , ‖σu × σv‖ =
√
u2 + k2

よって ∫∫
T
dA =

∫∫
(0,k)×(0,2π)

f (σ (u, v)) ‖σu × σv‖dudv

=

∫ 2π

0

∫ k

0
u
√
u2 + k2dudv

=
2

3
π
(
2
√
2k3 − k3

)
=

2

3
πk3

(
2
√
2− 1

)
(ii)

Area (T ) =

∫∫
(0,k)×(0,2π)

√
u2 + k2dudv

=

∫ 2π

0

∫ k

0

√
u2 + k2dudv

= 2πk2
∫ π

4

0

1

cos3 θdθ

=
(√

2 + log
(√

2 + 1
))

πk2
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(iii)
∫∫

T
v · dA =

∫∫
(0,k)×(0,2π)

v (σ (u, v)) · (σu × σv)dudv

=

∫ 2π

0

∫ k

0

(
−ku cos 2v + k2uv2

)dudv
=

4

3
π3k4

30 7.2
(i)

(M1) S2 (1) = σ ((0, π)× (0, 2π)) ∪ τ
({π

2

}
×
[
π

2
,
3

2
π

])
,OK

(M2) (0, π)× (0, 2π)と
{π
2

}
×
[
π

2
,
3

2
π

]
は面積確定な有界集合

(M3) σ−1

(
σ ((0, π)× (0, 2π)) ∩ τ

({π
2

}
×
[
π

2
,
3

2
π

]))
= σ−1 (∅)は面積 0

σu × σv =

 sin2 u cos vsin2 u sin v
cosu sinu

 = sinuσ (u, v) , ‖σ (u, v)‖ = sinu

σu × σv
‖σu × σv‖

= σ (u, v) = n (σ (u, v))

同様に τu × τv
‖τu × τv‖

= τ (u, v) = n (τ (u, v))

よって、σ, τ も正の向き∫∫
S2(1)

v · dA =

∫∫
(0,π)×(0,2π)

v (σ (u, v)) · (σu × σv)dudv +
∫∫

{π
2 }×[π2 , 32π]

v (τ (u, v)) · (τu × τv)dudv

= 4π

(ii)

∇ · ω = vなら、
∫∫

S2(1)
(∇ · ω)dA = 0

(i) の結論と反する、このような ωは存在しない
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31 7.1
(i)

σ (u, v) =

 a coshu cos v
a coshu sin v

au

から、T =


 x

y
z

 ∈ S

∣∣∣∣∣∣−1 < z < 1

より、u ∈
(
−1

a
,
1

a

)

Area (T ) =

∫∫
(− 1

a
, 1
a)×[0,2π]

‖σu × σv‖dudv

=

∫ 1
a

− 1
a

∫ 2π

0
a2 cosh2 udvdu

= 2a2π

∫ 1
a

− 1
a

cosh2 udu

= 2a2π

(
1

a
+

1

2
sinh 2

a

)
= 2aπ + a2π sinh 2

a

(ii)

∫∫
T
v · dA =

∫∫
(− 1

a
, 1
a)×[0,2π]

 a coshu sin v
−a coshu cos v

a2u2

 ·

 −a2 coshu cos v
−a2 coshu sin v
a2 sinhu coshu

dudv
=

∫∫
(− 1

a
, 1
a)×[0,2π]

a4u2 sinhu coshududv

= a4
∫ 1

a

− 1
a

∫ 2π

0
u2 sinhu coshudvdu

= 2a4π

∫ 1
a

− 1
a

u2 sinhu coshudu

=
1

4
a4π

[(
2u2 + 1

) cosh 2u− 2u sinh 2u] 1
a

− 1
a

= 0

32 7.2
(i)

TR,r =


 x

y
z

 ∈ R3

∣∣∣∣∣∣
(√

x2 + y2 −R
)2

+ z2 = r2


z2 = r2 −

(√
x2 + y2 −R

)2
≥ 0から R− r ≤

√
x2 + y2 ≤ R+ r

よって、‖x‖ =
√
x2 + y2 + z2 ≤

√
(R+ r)2 + z2 ≤

√
(R+ r)2 + r2

言い換えれば、TR,r は有界集合である.
また、f (x, y, z) =

(√
x2 + y2 −R

)2
+z2−r2とすると、TR,rは f (x, y, z) = 0の開集合 f−1 ({0})

であるから、閉集合である
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(ii)

σ =

 (R+ r cosu) cos v
(R+ r cosu) sin v

r sinu

 , σu =

 −r sinu cos v
−r sinu sin v

r cosu

 , σv =

 − (R+ r cosu) sin v
(R+ r cosu) cos v

0



σu × σv =

 −r sinu cos v
−r sinu sin v

r cosu

×

 − (R+ r cosu) sin v
(R+ r cosu) cos v

0


=

 −r (R+ r cosu) cosu cos v
−r (R+ r cosu) cosu sin v

−r (R+ r cosu) sinu


‖σu × σv‖ = r (R+ r cosu)

Area (T ) =

∫∫
[0,2π]×[0,2π]

‖σu × σv‖dudv

=

∫ 2π

0

∫ 2π

0
r (R+ r cosu)dvdu

= 2π

∫ 2π

0
r (R+ r cosu)du

= 4π2rR

(iii)

σ (u, v) =

 (R+ r cosu) cos v
(R+ r cosu) sin v

r sinu


σu =

 −r sinu cos v
−r sinu sin v

r cosu

 , σv =

 − (R+ r cosu) sin v
(R+ r cosu) cos v

0



σu × σv =

 −r sinu cos v
−r sinu sin v

r cosu

×

 − (R+ r cosu) sin v
(R+ r cosu) cos v

0

 (1)

=

 −r (R+ r cosu) cosu cos v
−r (R+ r cosu) cosu sin v

−r (R+ r cosu) sinu cos2 v − r (R+ r cosu) sinu sin2 v

 (2)

=

 −r (R+ r cosu) cosu cos v
−r (R+ r cosu) cosu sin v

−r (R+ r cosu) sinu

 (3)
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また

v (σ (u, v)) = v ((R+ r cosu) cos v, (R+ r cosu) sin v, r sinu) (4)

=


−(R+ r cosu) sin v

(R+ r cosu)2
(R+ r cosu) cos v

(R+ r cosu)2
r sinu

(R+ r cosu)2

 (5)

=


− sin v
R+ r cosucos v
R+ r cosu
r sinu

(R+ r cosu)2

 (6)

以上

∫∫
S
v · dA =

∫∫
[0,2π]2


− sin v
R+ r cosucos v
R+ r cosu
r sinu

(R+ r cosu)2

 ·

 −r (R+ r cosu) cosu cos v
−r (R+ r cosu) cosu sin v

−r (R+ r cosu) sinu

dudv

=

∫ 2π

0

∫ 2π

0

(
r cosu sin v cos v − r cosu sin v cos v − r2 sin2 u

R+ r cosu

)
dudv

= −r2
∫ 2π

0

∫ 2π

0

sin2 u
R+ r cosududv

= −2πr2
∫ 2π

0

sin2 u
R+ r cosudu

ここで、
∫ 2π

0

sin2 u
R+ r cosuduだけ考えよう∫ 2π

0

sin2 u
R+ r cosudu =

∫ 2π

0

1− cos2 u
R+ r cosudu (7)

=

∫ 2π

0

1
r2

(R+ r cosu) (R− r cosu) + 1− R2

r2

R+ r cosu du (8)

=

∫ 2π

0

(
1

r2
(R− r cosu) + 1− R2

r2

R+ r cosu

)
du (9)

=

∫ 2π

0

(
R

r2
− 1

r
cosu

)
du+

r2 −R2

r2

∫ 2π

0

1

R+ r cosudu (10)

=
2πR

r2
+
r2 −R2

r2

∫ 2π

0

1

R+ r cosudu (11)
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ここで、
∫ 2π

0

1

R+ r cosuduを計算しよう∫ 2π

0

1

R+ r cosudu =

∫ 2π

0

R− r cosu
R2 − r2 cos2 udu (12)

= R

∫ 2π

0

1

R2 − r2 cos2 udu− r

∫ 2π

0

cosu
R2 − r2 cos2 udu (13)

= R

∫ 2π

0

1

R2 − r2 cos2 udu (14)

後ろの
∫ 2π

0

cosu
R2 − r2 cos2 uduについて、

cosu
R2 − r2 cos2 u は奇関数だから積分範囲内で総和 0

∫ 2π

0

1

R2 − r2 cos2 udu =

∫ 2π

0

1

R2 − r2 cos 2u+1
2

du (15)

=

∫ 2π

0

1(
R2 − r2

2

)
− r2

2 cos 2u
du (16)

計算便利のため、a = R2 − r2

2
, b =

r2

2
とすると (28)式は

∫ 2π

0

1

a− b cos 2uduになり.
また、定積分の処理が面倒なので、不定積分の形で計算しよう∫

1

a− b cos 2udu =
1

2

∫
1

a− b cosxdx (17)

ここで、t = tan x
2
と変換すると dx =

2

1 + t2
dt, cosx =

1− t2

1 + t2
で

積分の上下限は共に 0になるが、実際 2回 −∞ → ∞の広義積分が出てくるから
1

2

∫
1

a− b cosxdx = 2

∫
1

2
· 1

a− b · 1−t2

1+t2

· 2

1 + t2
dt (18)

= 2

∫
1

a (1 + t2)− b (1− t2)
dt (19)

= 2

∫
1

(a− b) + (a+ b) t2
dt (20)

=
2

a− b

∫
1

1 + a+b
a−b t

2
dt (21)
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そして、a+ b

a− b
t2 = tan2 θとなる変数変換をすると dt = 1

cos2 θ
√
a− b

a+ b
dθとなり

2

a− b

∫
1

1 + a+b
a−b t

2
dt = 2

a− b

∫
1

1 + tan2 θ
1

cos2 θ

√
a− b

a+ b
dθ (22)

=
2

a− b

√
a− b

a+ b

∫
dθ (23)

=
2

a− b

√
a− b

a+ b
θ (24)

=
2

a− b

√
a− b

a+ b
arctan

(√
a+ b

a− b
t

)
(25)

=
2

a− b

√
a− b

a+ b
arctan

(√
a+ b

a− b
tan x

2

)
(26)

=
2

a− b

√
a− b

a+ b
arctan

(√
a+ b

a− b
tanu

)
(27)

以上より ∫
1

a− b cos 2udu =
2

a− b

√
a− b

a+ b
arctan

(√
a+ b

a− b
tanu

)
+ C (28)

から ∫ 2π

0

1

a− b cos 2udu = lim
ϵ→0+

[
2

a− b

√
a− b

a+ b
arctan

(√
a+ b

a− b
tanu

)]π
2
−ϵ

0

(29)

+ lim
ϵ→0+

[
2

a− b

√
a− b

a+ b
arctan

(√
a+ b

a− b
tanu

)] 3π
2
−ϵ

π
2
+ϵ

(30)

+ lim
ϵ→0+

[
2

a− b

√
a− b

a+ b
arctan

(√
a+ b

a− b
tanu

)]2π
3π
2
+ϵ

(31)

=
2

a− b

√
a− b

a+ b
· π
2
· 2 (32)

=
2π

a− b

√
a− b

a+ b
(33)

よって ∫ 2π

0

1

R+ r cosudu = R

∫ 2π

0

1

a− b cos 2udu (34)

=
2πR

a− b

√
a− b

a+ b
(35)

=
2πR

R2 − r2

√
R2 − r2

R2
(36)
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(24)式に代入すると∫ 2π

0

sin2 u
R+ r cosudu =

2πR

r2
− R2 − r2

r2

∫ 2π

0

1

R+ r cosudu (37)

=
2πR

r2
− R2 − r2

r2
2πR

R2 − r2

√
R2 − r2

R2
(38)

=
2πR

r2
− 2πR

r2

√
R2 − r2

R2
(39)

=
2πR

r2
− 2π

r2

√
R2 − r2 (40)

=
2π

r2

(
R−

√
R2 − r2

)
(41)

だから ∫∫
S
v · dA = −2πr2

∫ 2π

0

sin2 u
R+ r cosudu (42)

= −2πr2 · 2π
r2

(
R−

√
R2 − r2

)
(43)

= −4π2
(
R−

√
R2 − r2

)
(44)

(iv)
v = ∇× ωをみたす ωが存在すると仮定すると、Stokes の定理より∫∫

S
v · dA =

∫∫
S
(∇× ω) · dA = 0 (45)

(2)の計算結果により、R =
√
R2 − r2. 言い換えれば、r = 0

これは r > 0と反するから.このような ωは存在しない

33 8.1
(1)

∂V =


 x

y
z

 ∈ R

∣∣∣∣∣∣(x2 + y2 + z2 = r2
)
∨
(
x2 + y2 + z2 = 4r2

) = S2 (r) ∪ S2 (2r)

(2)

単位法ベクトル場 ωは p ∈ S2 (a)に対し、ω (p) = 1

a
pとなるので

 x
y
z

 ∈ ∂V に対して r (x, y, z) =



1

2r

 x

y

z

 x2 + y2 + z2 = 4r2

−1

r

 x

y

z

 x2 + y2 + z2 = r2
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(3)
∇ · v = 1 + 1 + 0 = 2

(4)
∫∫∫

V
(∇ · v)dxdydz =

∫ 2r

r

∫ π

0

∫ 2π

0
2ρ2 sinϕdθdϕdρ

= 4π

∫ 2r

r

∫ π

0
ρ2 sinϕdϕdρ

= 4π

∫ 2r

r
ρ2 [− cosϕ]π0 dρ

= 8π

∫ 2r

r
ρ2dρ

= 8π

[
1

3
ρ3
]2r
r

=
56

3
πr3

σ (ρ′, u, v) = ρ′

 sinu cos vsinu sin v
cosu

 , σu =

 cosu cos vcosu sin v
− sinu

 , σv =

 − sinu sin v
sinu cos v

0



σu × σv =

 cosu cos vcosu sin v
− sinu

×

 − sinu sin v
sinu cos v

0


=

 sin2 u cos vsin2 u sin v
sinu cosu


= ρ′ sinu

 sinu cos vsinu sin v
cosu



∫∫
∂V
v · dA =

∫ π

0

∫ 2π

0
2r · 2r

 sinu cos vsinu sin v
0

 · 2r

 sinu cos vsinu sin v
cosu

 sinudvdu
−
∫ π

0

∫ 2π

0
r · r

 sinu cos vsinu sin v
0

 · r

 sinu cos vsinu sin v
cosu

 sinudvdu
=

∫ π

0

∫ 2π

0
7r3 sin3 udvdu

= 14πr3
∫ π

0
sin3 udu

=
56

3
πr3
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34 8.2

T =


 x

y
z

 ∈ R3

∣∣∣∣∣∣x ≥ 0, y ≥ 0, z ≥ 0, x+ y + z ≤ 2

 ,∇ · v = 2 (x+ y + z)

∫∫
∂T
v · dA =

∫ 2

0

∫ 2−x

0

∫ 2−x−y

0
2 (x+ y + z)dzdydx

= 2

∫ 2

0

∫ 2−x

0

[
(x+ y) z +

1

2
z2
]2−x−y

0

dydx

= 2

∫ 2

0

∫ 2−x

0

(
(x+ y) (2− x− y) +

1

2
(2− x− y)2

)
dydx

=

∫ 2

0

∫ 2−x

0

(
4− x2 − 2xy − y2

)dydx
=

∫ 2

0

[(
4− x2

)
y − xy2 − 1

3
y3
]2−x

0

dx

=

∫ 2

0

(
(2 + x) (2− x)2 − x (2− x)2 − 1

3
(2− x)3

)
dx

=
1

3

∫ 2

0
(x− 2)2 (x+ 4)dx

=
1

3

[
x4

4
− 6x2 + 16x

]2
0

=
1

3
· 12 = 4

35 8.1
(1)

∂V =


 x

y
z

 ∈ R3

∣∣∣∣∣∣x
2

4
+ y2 + z2 = 1


(2)

f =
x2

4
+ y2 + z2 − 1,∇f =


x

2
2y
2z


n =

1√
x2

4 + y2 + z2


x

2
2y
2z


(3)
∇ · v = 1 + 1 + 1 = 3
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(4)
∫∫

∂V
(∇ · v)dxdydz =

∫ 1

0

∫ 2π

0

∫ π

0
3ρ2 sinϕdϕdθdρ

= 6

∫ 1

0

∫ 2π

0
ρ2dθdρ

= 12π

∫ 1

0
ρ2dρ

= 4π

σ =

 2 sinϕ cos θ
sinϕ sin θ
cosϕ

 , σϕ =

 2 cosϕ cos θ
cosϕ sin θ
− sinϕ

 , σθ =

 −2 sinϕ sin θ
sinϕ cos θ

0



σϕ × σθ =

 2 cosϕ cos θ
cosϕ sin θ
− sinϕ

×

 −2 sinϕ sin θ
sinϕ cos θ

0


=

 sin2 ϕ cos θ
2 sin2 ϕ sin θ
2 sinϕ cosϕ



∫∫
∂V
v · dA =

∫ 2π

0

∫ π

0

 2 sinϕ cos θ
sinϕ sin θ
cosϕ

 ·

 sin2 ϕ cos θ
2 sin2 ϕ sin θ
2 sinϕ cosϕ

dϕdθ
= 2

∫ 2π

0

∫ π

0

(
sin3 ϕ+ sinϕ cos2 ϕ

)
dϕdθ

= 2π

∫ π

0
sinϕdθ

= 4π

36 8.2
∇ · v = y + 0 + 2y = 3y

∫∫
∂T
v · dA =

∫∫∫
T
3ydxdydz

=

∫ 1

0

∫ 1−x

0

∫ 1−x−y

0
3ydzdydx

=

∫ 1

0

∫ 1−x

0
3y (1− x− y)dydx

=
1

2

∫ 1

0
(1− x)3 dx

=
1

8
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37 8.3

σ = r

 sinu cos vsinu sin v
cosu

 , σu =

 r cosu cos v
r cosu sin v
−r sinu

 , σv =

 −r sinu sin v
r sinu cos v

0



σu × σv =

 r cosu cos v
r cosu sin v
−r sinu

×

 −r sinu sin v
r sinu cos v

0


=

 r2 sin2 u cos v
r2 sin2 u sin v
r2 sinu cosu


(1)

∫∫
S2(r)

v · dA =

∫∫∫
S2(r)

3
(
x2 + y2 + z2

)dxdydz
= 3

∫ r

0

∫ √
r2−x2

0

∫ √
r2−x2−y2

0

(
x2 + y2 + z2

)dzdydx
= 3

∫ r

0

∫ √
r2−x2

0

((
x2 + y2

)√
r2 − x2 − y2 +

1

3

(
r2 − x2 − y2

) 3
2

)
dydx

=
3

8
π

∫ r

0

(
r4 − x4

)dx
=

3

8
π

[
r4x− 1

5
x5
]r
0

=
3

10
πr5

(2)
∫∫

S2(r)
v · dA =

∫∫∫
S2(r)

(
x2 + y2 + z2

)dxdydz
=

1

3

∫∫∫
S2(r)

3
(
x2 + y2 + z2

)dxdydz
=

1

10
πr5
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(3)
∇ · v = 3 + x+ 2y∫∫

S2(r)
v · dA =

∫∫∫
S2(r)

(3 + x+ 2y)dxdydz

=

∫ r

0

∫ √
r2−x2

0

∫ √
r2−x2−y2

0
(3 + x+ 2y)dzdydx

=

∫ r

0

∫ √
r2−x2

0
(3 + x+ 2y)

√
r2 − x2 − y2dydx

=

∫ r

0

(
1

4
π (x+ 3)

(
r2 − x2

)
+

2

3

(
r2 − x2

) 3
2

)
dx

=
1

16
πr3 (3r + 8)

38 8.4

σ =

 (R+ r cosu) cos v
(R+ r cosu) sin v

r sinu

 , σu =

 −r sinu cos v
−r sinu sin v

r cosu

 , σv =

 − (R+ r cosu) sin v
(R+ r cosu) cos v

0



σu × σv =

 −r sinu cos v
−r sinu sin v

r cosu

×

 − (R+ r cosu) sin v
(R+ r cosu) cos v

0


=

 −r (R+ r cosu) cosu cos v
−r (R+ r cosu) cosu sin v

−r (R+ r cosu) sinu


∫∫

TR,r

v · dA =

∫∫∫
TR,r

2dxdydz

= 2

∫ r

0

∫ 2π

0

∫ 2π

0
ρ (R+ ρ cosu)dvdudρ

= 4π

∫ r

0

∫ 2π

0
ρ (R+ ρ cosu)dudρ

= 8π2R

∫ r

0
ρdρ

= 4π2Rr2
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39 9.1
(1)

p =

 0
−2
1

 ,v =
 1

2
3

 ,w =

 −3
2
−2


αp = 1 · dx ∧ dy − 4 · dx ∧ dz + 0 · dy ∧ dz

= dx ∧ dy − 4dx ∧ dz

=

∣∣∣∣ 1 −3
2 2

∣∣∣∣− 4

∣∣∣∣ 1 −3
3 −2

∣∣∣∣
= 8− 4 · 7 = −20

(2)

p =

 2
1
−1

 ,v1 =
 3

2
−1

 ,v2 =
 −1

6
4

 ,v3 =
 4

−1
2


ωp = e−2dx ∧ dy ∧ dz

= e−2

∣∣∣∣∣∣
3 −1 4
2 6 −1
−1 4 2

∣∣∣∣∣∣
40 9.2

p =


1
0
−3
2

 ,v1 =


1
2
1
2

 ,v2 =


2
6
−1
2

 ,v3 =


−2
−4
2
1


1 ≤ i1 ≤ i2 ≤ i3 ≤ 4から、(i1, i2, i3)が可能な組合は (1, 2, 3) , (1, 2, 4) , (1, 3, 4) , (2, 3, 4)

ω =
∑

1≤i1≤i2≤i3≤4

hi1i2i3dxi1 ∧ dxi2 ∧ dxi3

= h1,2,3dx1 ∧ dx2 ∧ dx3 + h1,2,4dx1 ∧ dx2 ∧ dx4
+ h1,3,4dx1 ∧ dx3 ∧ dx4 + h2,3,4dx2 ∧ dx3 ∧ dx4
= −2dx1 ∧ dx2 ∧ dx3 + 3dx1 ∧ dx2 ∧ dx4
+ 0dx1 ∧ dx3 ∧ dx4 − dx2 ∧ dx3 ∧ dx4

= −2

∣∣∣∣∣∣
1 2 −2
2 6 −4
1 −1 2

∣∣∣∣∣∣+ 3

∣∣∣∣∣∣
1 2 −2
2 6 −4
2 2 1

∣∣∣∣∣∣−
∣∣∣∣∣∣
2 6 −4
1 −1 2
2 2 1

∣∣∣∣∣∣
= −2 · 8 + 3 · 10− (−8)

= 22
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41 9.3

f = 3ex

α = z2dx+ 2dy
β = yzdx+ xzdy + xydz
ω = zdx ∧ dy + ydx ∧ dz + xdy ∧ dz

f ∧ α = 3ex
(
z2dx+ 2dy)

= 3exz2dx+ 6exdy

α ∧ α = 0

α ∧ β =
(
z2dx+ 2dy) ∧ (yzdx+ xzdy + xydz)

= xz3dx ∧ dy + xyz2dx ∧ dz + 2yzdy ∧ dx+ 2xydy ∧ dz
=
(
xz3 − 2yz

)dx ∧ dy + xyz2dx ∧ dz + 2xydy ∧ dz

β ∧ ω = (yzdx+ xzdy + xydz) ∧ (zdx ∧ dy + ydx ∧ dz + xdy ∧ dz)
= xyzdx ∧ dy ∧ dz + xyzdy ∧ dx ∧ dz + xyzdz ∧ dx ∧ dy
= xyzdx ∧ dy ∧ dz

42 9.4
ω =

∑
1≤i1<i2≤4

exi1
+xi2dxi1 ∧ dxi2 +

∑
1≤i2<i1≤4

exi1
+xi2dxi2 ∧ dxi1 = 0

ω ∧ ω = 0 ∧ 0 = 0

43 9.1

ω =
∑

1≤i1<···<ik≤n

hi1···ik (p)dxi1 ∧ · · · ∧ dxik (v1, · · · ,vk)

=
∑

1≤i1<···<ik≤n

k

∣∣∣∣∣∣∣
dxi1 (v1) · · · dxi1 (vk)... . . . ...
dxik (v1) · · · dxik (vk)

∣∣∣∣∣∣∣
=

∑
1≤i1<···<ik≤n

k

∣∣∣∣∣∣∣
δ1,1 · · · δk,1... . . . ...
δ1,k · · · δk,k

∣∣∣∣∣∣∣
=

∑
1≤i1<···<ik≤n

k

∣∣∣∣∣∣∣∣∣
1 0 · · · 0 0
0 1 0 · · · 0
... ... . . . ... ...
0 0 0 0 1

∣∣∣∣∣∣∣∣∣
=

∑
1≤i1<···<ik≤n

k

= k
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44 9.2

f = 2e−yz

α = xydy + exdz
β = ydx+ dy − sinxdz
ω = x sinxdx ∧ dy + sin ydx ∧ dz + x cos ydy ∧ dz

f ∧ α = 2xye−yzdy + 2ex−yzdz
α ∧ β = (xydy + exdz) ∧ (ydx+ dy − sinxdz)

= xy2dy ∧ dx− xy sinxdy ∧ dz + yexdz ∧ dx+ exdz ∧ dy
β ∧ ω = (ydx+ dy − sinxdz) ∧ (x sinxdx ∧ dy + sin ydx ∧ dz + x cos ydy ∧ dz)

= xy cos ydx ∧ dy ∧ dz + sin ydy ∧ dx ∧ dz − x sin2 xdz ∧ dx ∧ dy
=
(
xy cos y − sin y − x sin2 x

)
dx ∧ dy ∧ dz

ω ∧ ω = 0

45 9.3

ω =
∑

1≤j1<j2≤4

gj1j2dxj1 ∧ dxj2 +
∑

1≤j2<j1≤4

gj2j1dxj2 ∧ dxj1

=
∑

1≤j1<j2≤4

xj1xj2dxj1 ∧ dxj2 +
∑

1≤j2<j1≤4

xj2xj1dxj2 ∧ dxj1

= 0

から
α ∧ ω = α ∧ 0

= 0

46 10.1

dα = d (zex+ydx)
= d (zex+y

)
∧ dx

=
(
zex+ydx+ zex+ydy + ex+ydz) ∧ dx

= −zex+ydx ∧ dy − ex+ydx ∧ dz

dω = d (2z (y2 − x2
)dx ∧ dy + (y3 − z3

)dx ∧ dz + x3dy ∧ dz)
= d

 x3

z3 − y3

2z
(
y2 − x2

)
 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy


=

∇ ·

 x3

z3 − y3

2z
(
y2 − x2

)
dx ∧ dy ∧ dz

=
(
3x2 − 3y2 + 2

(
y2 − x2

))dx ∧ dy ∧ dz
=
(
x2 − y2

)dx ∧ dy ∧ dz
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47 10.2
(1)

dα = d
 axyz

bx2z
−3x2y

 ·

 dxdy
dz


=

∇×

 axyz
bx2z
−3x2y

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy


=

 −3x2 − bx2

axy + 6xy
2bxz − axz

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy


= 0

よって、


−3x2 − bx2 = 0

axy + 6xy = 0

2bxz − axz = 0

=⇒

{
a = −6

b = −3

(2)

dβ = d
 − (2xey − cex)

(5yez − bey)
(3zex + aez)

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy


=

∇ ·

 − (2xey − cex)
(5yez − bey)
(3zex + aez)

dx ∧ dy ∧ dz

= (−2ey + cex + 5ez − bey + 3ex + aez)dx ∧ dy ∧ dz
(c+ 3) ex = 0

(−2− b) ey = 0

(5 + a) ez = 0

=⇒


a = −5

b = −2

c = −3
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48 10.3
(1)

dα = d
(
− y√

x2 + y2
dx+

x√
x2 + y2

dy
)

= d
(
− y√

x2 + y2

)
∧ dx+ d

(
x√

x2 + y2

)
∧ dy

=

(
xy

(x2 + y2)
3
2

dx− x2

(x2 + y2)
3
2

dy
)

∧ dx+

(
y2

(x2 + y2)
3
2

dx− xy

(x2 + y2)
3
2

dy
)

∧ dy

=

(
x2

(x2 + y2)
3
2

+
y2

(x2 + y2)
3
2

)
dx ∧ dy

=
1√

x2 + y2
dx ∧ dy

(2)
α = df をみたす 0−形式 f が存在すると、dα = d (df) = 0

1√
x2 + y2

6= 0だから、0−形式 f は存在しない

49 10.4
(1)

dα = dx1 ∧ dx3 + dx2 ∧ dx4 + dx1 ∧ dx3 + dx2 ∧ dx4
= 2dx1 ∧ dx3 + 2dx2 ∧ dx4

(2)
dα = df ∧ dgで、dα = 2dx1 ∧ dx3 + 2dx2 ∧ dx4だから
条件をみたす 0−形式 f, gは存在しない

50 10.1
(1)

d (ex cos ydx− ex sin ydy) = (ex cos ydx− ex sin ydy) ∧ dx− (ex sin ydx+ ex cos ydy) ∧ dy
= ex sin ydx ∧ dy − ex sin ydx ∧ dy = 0
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(2)

d (13xdx+ y2dy + xyzdz) =
∇×

 13x
y2

xyz

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy


=

 xz
−yz
0

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy


= xzdy ∧ dz − yzdz ∧ dx

(3)

d (dx ∧ dy) = d (dx) ∧ dy − dx ∧ d (dy)
= 0 ∧ dy − dx ∧ 0

= 0

(4)

d (z2dx ∧ dy + (z2 + 2y
)dx ∧ dz) = d

 0
−
(
z2 + 2y

)
z2

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy


=

∇ ·

 0
−
(
z2 + 2y

)
z2

dx ∧ dy ∧ dz

= (2z − 2)dx ∧ dy ∧ dz

(5)

d (zdx ∧ dy + ydx ∧ dz + xdy ∧ dz) =
∇ ·

 x
−y
z

dx ∧ dy ∧ dz

= dx ∧ dy ∧ dz

51 10.2
(1)

dα = −dx1 ∧ dx2 − dx1 ∧ dx2 − dx3 ∧ dx4 − dx3 ∧ dx4
= −2dx1 ∧ dx2 − 2dx3 ∧ dx4

(2)
dα = θ ∧ ϕをみたす θ, ϕが存在すると仮定すると、dα ∧ dα = 0より

0 = (−2dx1 ∧ dx2 − 2dx3 ∧ dx4) ∧ (−2dx1 ∧ dx2 − 2dx3 ∧ dx4)
= 4dx1 ∧ dx2 ∧ dx3 ∧ dx4 + 4dx3 ∧ dx4 ∧ dx1 ∧ dx2
= 8dx1 ∧ dx2 ∧ dx3 ∧ dx4
6= 0
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矛盾するから、条件を満たす θ, ϕは存在しない

52 11.1

ω =
(
x2 + y2

)dx ∧ dy + dx ∧ dz − dy ∧ dz

ϕ =

 u
v
0


(1)

ϕ∗ω =
(
u2 + v2

)du ∧ dv + du ∧ d0− dv ∧ d0 (46)
=
(
u2 + v2

)du ∧ dv (47)

(2) ∫
ϕ|K

ω =

∫∫
{u2+v2<1}

dudv (48)

=

∫ 1

0

∫ 2π

0
r2 · rdθdρ (49)

= 2π

∫ 1

0
r3dr (50)

=
π

2
(51)

53 11.2

ω =
z√

x2 + y2 + z2
dx ∧ dy − y√

x2 + y2 + z2
dx ∧ dz + x√

x2 + y2 + z2
dy ∧ dz

ϕ (u, v) =

 sinu cos vsinu sin v
cosu


(1)

ϕ∗ω = zdx ∧ dy + ydz ∧ dx+ xdy ∧ dz (52)

ここで


dx = cosu cos vdu− sinu sin vdv
dy = cosu sin vdu+ sinu cos vdv
dz = − sinudu

dx ∧ dy = (cosu cos vdu− sinu sin vdv) ∧ (cosu sin vdu+ sinu cos vdv)
= sinu cosu cos2 vdu ∧ dv − sinu cosu sin2 vdv ∧ du
= sinu cosudu ∧ dv

dy ∧ dz = (cosu sin vdu+ sinu cos vdv) ∧ (− sinudu)
= sin2 u cos vdu ∧ dv
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dz ∧ dx = (− sinudu) ∧ (cosu cos vdu− sinu sin vdv)
= sin2 u sin vdu ∧ dv

ϕ∗ω = zdx ∧ dy + ydz ∧ dx+ xdy ∧ dz (53)
= sinu cos2 udu ∧ dv + sin3 u sin2 vdu ∧ dv + sin3 u cos2 vdu ∧ dv (54)
= sinu

(
cos2 u+ sin2 u sin2 v + sin2 u cos2 v

)
du ∧ dv (55)

= sinudu ∧ dv (56)

(2)
∫
ϕ|K

ω =

∫∫
(0,π)×(0,2π)

sinududv (57)

=

∫ 2π

0

∫ π

0
sinududv (58)

= 4π (59)

54 11.1
(1)

dz = 2udu− 2vdvだから、
{
dz ∧ dx = (2udu− 2vdv) ∧ du = 2vdu ∧ dv
dy ∧ dz = dv ∧ (2udu− 2vdv) = −2udu ∧ dv

ϕ∗ω = −
(
v2 + uv

)du ∧ dv − 2v
(
u− u2v + v3

)du ∧ dv − 2u
(
v + u3 − uv2

)du ∧ dv (60)
=
(
−v2 − uv − 2uv + 2u2v2 − 2v4 − 2uv − 2u4 + 2u2v2

)du ∧ dv (61)
=
(
−2u4 − 5uv − v2 + 4u2v2 − 2v4

)du ∧ dv (62)

(2)
∫
ϕ|K

ω =

∫∫
{u2+v2<9}

(
−2u4 − 5uv − v2 + 4u2v2 − 2v4

)dudv (63)

=

∫ 3

−3

∫ √
9−u2

−
√
9−u2

(
−2u4 − 5uv − v2 + 4u2v2 − 2v4

)dvdu (64)

= − 2

15

∫ 3

−3

√
9− u2

(
531− 293u2 + 56u4

)du (65)

= −1053

4
π (66)
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55 11.2
(1)

ここで


dx = cosu cos vdu− sinu sin vdv
dy = cosu sin vdu+ sinu cos vdv
dz = − sinudu

dx ∧ dy = (cosu cos vdu− sinu sin vdv) ∧ (cosu sin vdu+ sinu cos vdv)
= sinu cosu cos2 vdu ∧ dv − sinu cosu sin2 vdv ∧ du
= sinu cosudu ∧ dv

dy ∧ dz = (cosu sin vdu+ sinu cos vdv) ∧ (− sinudu)
= sin2 u cos vdu ∧ dv

dz ∧ dx = (− sinudu) ∧ (cosu cos vdu− sinu sin vdv)
= sin2 u sin vdu ∧ dv

ϕ∗ω = z3dx ∧ dy + y3dz ∧ dx+ x3dy ∧ dz (67)
=
(
sinu cos4 u+ sin5 u sin4 v + sin5 u cos4 v

)
du ∧ dv (68)

= sinu
(
1

4
sin4 u (cos 4v + 3) + cos4 u

)
du ∧ dv (69)

(2)
∫
ϕ|K

ω =

∫∫
(0,π)×(0,2π)

sinu
(
1

4
sin4 u (cos 4v + 3) + cos4 u

)
dudv (70)

=

∫ π

0

1

4
sin5 u

∫ 2π

0
(cos 4v + 3)dvdu+

∫ π

0

∫ 2π

0
sinu cos4 udvdu (71)

=
3

2
π

∫ π

0
sin5 udu+ 2π

∫ π

0
sinu cos4 udu (72)

=
8

5
π +

4

5
π (73)

=
12

5
π (74)

56 12.1

α (γ (t)) =
rt cos t

r
d (r cos t) + rt sin t

r
d (r sin t) + rdt

= t cos t (−r sin tdt) + t sin t (r cos tdt) + rdt
= −rt sin t cos tdt+ rt sin t cos tdt+ rdt
= rdt

∫
γ
α =

∫ 2π

0
rdt

= 2πr
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57 12.2

ϕ∗ω = −u2vdu+ u3dv + u2
(
u2 + v2

)d (u2 + v2
)

= −u2vdu+ u3dv + u2
(
u2 + v2

)
(2udu+ 2vdv)

= −u2vdu+ u3dv + 2u3
(
u2 + v2

)du+ 2u2v
(
u2 + v2

)dv
=
(
2u5 + 2u3v2 − u2v

)du+
(
2u4v + 2u2v3 + u3

)dv∫
ϕ|Ω
dω =

∫
{u2+v2=4}

((
2u5 + 2u3v2 − u2v

)du+
(
2u4v + 2u2v3 + u3

)dv)
(
2u5 + 2u3v2 − u2v

)du =
(
64 cos5 t+ 64 sin2 t cos3 t− 8 sin t cos2 t

)
(−2 sin tdt)(

2u4v + 2u2v3 + u3
)dv =

(
64 sin t cos4 t+ 64 sin3 t cos2 t+ 8 cos3 t

)
(2 cos tdt)

(
2u5 + 2u3v2 − u2v

)du = −16
(
8 sin t cos5 t+ 8 sin3 t cos3 t− sin2 t cos2 t

)
dt(

2u4v + 2u2v3 + u3
)dv = 16

(
8 sin t cos5 t+ 8 sin3 t cos3 t+ cos4 t

)
dt

=⇒
(
2u5 + 2u3v2 − u2v

)du+
(
2u4v + 2u2v3 + u3

)dv = 16 sin2 t cos2 t+ 16 cos4 t∫
ϕ|Ω
dω =

∫ 2π

0

(
16 sin2 t cos2 t+ 16 cos4 t

)
dt

=

∫ 2π

0
cos2 tdt

= π

58 12.3 ∫
S
(α+ df) ∧ (β + dg) =

∫
S
(α ∧ β + df ∧ β + α ∧ dg + df ∧ dg)

d (αg) = dα ∧ g − α ∧ dg = −α ∧ dg
d (βf) = dβ ∧ f − β ∧ df = −β ∧ df
d (fdg) = df ∧ dg − f ∧ d (dg) = df ∧ dg∫

S
(α+ df) ∧ (β + dg) =

∫
S
(α ∧ β + d (βf)− d (αg) + d (fdg))

=

∫
S
(α ∧ β + (∇× (βf))− (∇× (αg)) + (∇× (fdg)))

=

∫
S
α ∧ β

59 12.4

dω = d




x√

x2 + y2 + z2
y√

x2 + y2 + z2
z√

x2 + y2 + z2

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy




=
2√

x2 + y2 + z2
dx ∧ dy ∧ dz
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∫
∂V
ω =

∫
V
dω

=

∫ 2r

0

∫ π

0

∫ 2π

0

2

ρ
· ρ2 sinϕdθdϕdρ−

∫ r

0

∫ π

0

∫ 2π

0

2

ρ
· ρ2 sinϕdθdϕdρ

= 2π

(∫ 2r

0

∫ π

0
2ρ sinϕdϕdρ−

∫ r

0

∫ π

0
2ρ sinϕdϕdρ

)
= 8π

(∫ 2r

0
ρdρ−

∫ r

0
ρdρ

)
= 12πr2

60 12.1

α = df とすると、


∂f

∂x
= x

(
r2 − z2

)
∂f

∂y
= y

(
r2 − z2

)
∂f

∂z
= −z

(
x2 + y2

) =⇒ f =

∫
x
(
r2 − z2

)dx =
1

2
x2
(
r2 − z2

)
+ g (y, z)

これを ∂f

∂y
= y

(
r2 − z2

)に代入すると ∂

∂y

[
1

2
x2
(
r2 − z2

)
+ g (y, z)

]
= y

(
r2 − z2

)
⇐⇒ ∂

∂y
g (y, z) = y

(
r2 − z2

)
⇐⇒ g (y, z) =

∫
y
(
r2 − z2

)dy =
1

2
y2
(
r2 − z2

)
+ h (z)

∂f

∂z
=

∂

∂z

[
1

2
x2
(
r2 − z2

)
+

1

2
y2
(
r2 − z2

)
+ h (z)

]
= −

(
x2 + y2

)
z +

∂

∂z
h (z) = −z

(
x2 + y2

)
=⇒ h (z) = 0

以上より、α = df をみたす f =
1

2

(
x2 + y2

) (
r2 − z2

)
∫
γ
α = f (γ (2π))− f (γ (0))

= f (R+ r, 0, 0)− f (R+ r, 0, 0) = 0

61 12.2

dω = d
 x sin z

k − y cos z
k

x cos z
k + y sin z

k

x2 + y2 + z2

k2

 ·

 dxdy
dz



=


2y +

x sin z
k

k
−
y cos z

k

k

−2x+
x cos z

k

k
+
y sin z

k

k
2 cos z

k

 ·

 dy ∧ dzdz ∧ dx
dx ∧ dy


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62 13.1

ϕ
(
R2
)
= S2\


 0

0
1


ϕ (u, v) =

 0
0
1

 + S

 u
v
0

−

 0
0
1

 ∈ S2 (1)とすると ϕ (u, v) =

 su
sv

1− s

で (su)2 +

(sv)2 + (1− s)2 = 1 ⇐⇒
(
u2 + v2 + 1

)
s2 − 2s = 0より、s = 2

u2 + v2 + 1
となる

ψj = ϕ ◦ ∂1j =

 ψj
1

ψj
2

ψj
3

とする

ψ0 (t) =


1− t

t2 − t+ 1
t

t2 − t+ 1

1− 1

t2 − t+ 1

 , ψ1 (t) =


0
2t

t2 + 1

1− 2

t2 + 1

 , ψ2 (t) =


2t

t2 + 1
0

1− 2

t2 + 1

となる
dψ0

1

t2 − 2t

(t2 − t+ 1)2
dt,dψ0

2 = − t2 − 1

(t2 − t+ 1)2
dt,dψ0

3 =
2t− 1

(t2 − t+ 1)2
dtより(

ψ0
)∗
α =

(
1− 2t

(t2 − t+ 1)3
+

(
1

t2 − t+ 1
+ 1

)
2t− 1

(t2 − t+ 1)2

)
dt = 2t− 1

(t2 − t+ 1)2
dtなので

∫
ϕ◦∂1

0 |∆1

α =

∫ 1

0

2t− 1

(t2 − t+ 1)2
dt

=

∫ d
dt
(
− 1

t2 − t+ 1

)
dt

= 0

また dψ1
1 = 0,dψ1

2 =
2
(
1− t2

)
(t2 + 1)2

dt,dψ1
3 =

4t

(t2 + 1)2
dt より、(ψ1

)∗
α =

4 (t+ 1)

(t2 + 1)2
dt なので、∫

ϕ◦∂1
1 |∆1

ω =

∫ 1

0

4 (t+ 1)

(t2 + 1)2
dt = π

2

dψ2
1 =

2
(
1− t2

)
(t2 + 1)2

dt,dψ2
2 = 0,dψ2

3 =
4t

(t2 + 1)2
dtより (

ψ2
)∗
α =

8t (t+ 1)

(t2 + 1)3
dtより

∫
ϕ◦∂1

2 |∆1

ω =

∫ 1

0

8t (t+ 1)

(t2 + 1)3
dt

= π + 2

以上より、
∫
ϕ|∆2

dω =
π

2
+

7

2
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63 13.2

ψj = ϕ ◦ ∂2j =


ψj
1

ψj
2

ψj
3

ψj
4

とする

ψ0 (t1, t2) = (1− t1 − t2)


cos t1
sin t2
cos t2
sin t2

 , ψ1 (t1, t2) =


0
0
0
0



ψ2 (t1, t2) =


t1
0

t1 cos t2
t1 sin t2

 , ψ3 (t1, t2) =


t1 cos t2
t1 sin t2
t1
0

 より、(ψ0
)∗
ω = 0,

(
ψ1
)∗
ω = 0 より、

∫
ϕ◦∂2

0 |∆2

ω =

∫
ϕ◦∂2

1 |∆2

ω = 0(
ψ2
)∗
ω = t31dt1 ∧ dt2,

(
ψ3
)∗
ω = t31dt1 ∧ dt2

よって、
∫
ϕ◦∂2

2 |∆2

ω =

∫
ϕ◦∂2

3 |∆2

ω =

∫∫
∆2

t31dt1dt2

以上より
∫
ϕ|∆3

dω =

∫
ϕ◦∂2

0 |∆2

ω −
∫
ϕ◦∂2

1 |∆2

ω +

∫
ϕ◦∂2

2 |∆2

ω −
∫
ϕ◦∂2

3 |∆2

ω
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