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w = Z gj1j2dxj1 A dl’jQ + Z ngjldsz A dg;h

1<j1<j2<4 1<j2<ji<4

= Z leszdle A dx]é + Z Lja L jy d$j2 A dle

1<j1<y2<4 1<j2<y1<4
=0

aNw=aAN0

da=d (ze”ydzz:)
=d (ze:”ﬂ’) A daz

= (ze""dz + ze"Vdy + " ¥dz) Ada
—ze"Wdx Ady — e*TVda A dz

dw=d (22 (y* —2*) dz Ady + (v* — 2*) dz A d2 + 2°dy A d2)

23 dy Adz
=d z —y dz Adz
(y? — ? dz Ady
=|V. z —y dz Ady Adz
y —x?

:(3:c 3y +2 d:v/\dy/\dz
= (2 —y)d:c/\dy/\dz
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47 10.2
(1)

aryz dz
da=d ba?z | dy
—32%y dz
axryz dy Andz
=1Vx ba’z | dzade
—32%y dz A dy
—32% — ba? dy Adz
= axy+6xy |- | dzndae
=0

2brz — axvz dz Ady

—3z2 —bx? =0 6
a=—
XoT. Sazry+6zy=0 :{b—

2bxz —axz =0

(2)
— (2zeY — ce”) dy Adz
dsg=d (5ye* — beY) | dzAadz
(3ze” 4 ae?) dz A dy
— (2zeY — ce”)
=V (5ye® — beY) dz Ady Adz
(3z€” + ae?)
= (—2€Y + ce” 4 5e® — be? + 3e” 4+ ae®)dz Ady Adz
(c+3)e" =0 — 5
(—2-b)ev=0 ={b=-2
(5+a)e*=0 c=-3
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—d(-—-2 Ada+d nd
2 2

:< oy ~dz — ° 3dy>/\dx+< Y sdz — i 3dy)/\dy

(@2 +y?)2 (22 +y?)? (22 +¢?)? (@2 +y?)?

2 2

:< i 3 Y 3 dz A dy

(@?+y%)2 (22 +y?)2
= ! dx/\dy

z2 +y?

(2)
a=df ®AET 0- B f BEET S L. da=d(df) =0

1 .
7§T?¢oﬁ#a(k%ﬂfdﬁﬁbtm
49 104
(1)
da = dzy Adzs + das Adxy + daoy Adas + dao Aday
= 2dx; A dzs + 2dxs A day
(2)

da=df Adg T. da =2dx; Adaxs +2dos Aday 72005
KEE BT 0-TER f,g 3FEELRVL

50 10.1
(1)

d (e* cosydx — e” sinydy) = (e* cosydz — e” sinydy) A dz — (e* sinydx + e* cosydy) A dy
=e"sinydr Ady — e sinydz Ady =0
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(2)

13z dy A dz
d (13zdz + ydy + ayzdz) = [V x | o2 | dzadz
Ty dx A dy

Tz dy Adz
g —yz . dZ /\ dZL‘
0 dx A dy
= z2dy Adz — yzdz Adx

3)

d(dz Ady) =d(dz) Ady —dz Ad(dy)
=0Ady—dx A0
=0

(4)

0 dy Andz
d (:*dz Ady+ (2 +2y)dz A dz) =d —(*+2y) |-| dzAda
dx A dy

- (v. ( —(z20+2y) ))da:/\dy/\dz

= (22 —2)dz Ady Adz

(5)

x
d(zdz Ady +ydx Adz + 2zdy Adz) = (V- ( —y )) dz Ady Adz

z
=dxAdyAndz

51 10.2
(1)

da = —dz; Adzs — dzy Adzy — dog Adey — das A day
= —2d1’1 A dZCQ — 2dx3 A d$4

(2)
da=0N¢p AT 0,0 DEETZLRETSL, danda=0&D
0 = (=2dxy Adxg — 2daz3 A day) A (=2dxy A dag — 2da3 A day)
= 4dz; A dze Adas Aday 4+ 4dazg A dag A dag A das
= 8dzy Adzy Adas Aday
#0
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FIET 206, FFEZils 0,6 FFEELRN

52 11.1
w= (2 +y*)dzAdy+dzAdz —dyrdz
u
o= v
0
(1)
¢*w = (u® +v*) duAdv+dundo—dvado
:(u2+v2)du/\dv
(2)
/ w:// dudv
oK {u2+v2<1}
1 2m
:// r? . rdodp
0o Jo
1
:27r/ r3dr
0
_T
2
53 11.2
w:;dx/\dy— Y dx Adz +

Va2 4 y? + 22
Sinu cosw
¢ (u,v) = | sinusinwv

cosu
(1)
¢*w = zdx ANdy + ydz Adx + 2dy Adz
dx = cosucosvdu — sinu sinvdw
Z 2T { dy = cosusinvdu + sinu cos vdv

dz = —sinudu

dz A dy = (cosucosvdu — sinusinvdv) A (cosu sin vdu + sin u cos vdv)

— sinwucosucos? vdu A dv — sinu cos u sin? vdv A du

= sinwu cos udu A dv
dy A dz = (cosusinvdu + sinu cosvdv) A (— sinudu)
— sin®ucosvdu A dv
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dz Adx = (- sinudu) A (cosucosvdu — sinusin vdwv)

= sin®usinvdu A dv

¢*w = zdx ANdy + ydz Adx + 2dy Adz (53)
= sinwucos? udu A dv + sin® u sin? vdu A dv + sin® u cos? vdu A dv (54)
= sinu (cos2 u + sin® usin® v + sin® u cos? v) du A do (55)
= sinudu A dv (56)

(2)
/ w= // sin ududv (57)

oK (0,m)x(0,27)
2 T
_ / / sin ududy (58)
o Jo
54 11.1
(1)

dz Adz = (2udu — 2vdv) A du = 2vdu A do

dz = 2udu — 2vdv 7252 5,
z uwdu vdo 7 5 {dy/\dz_dv/\(zudU_QUdv)_—QUdU/\dU

qb*w:—(212—|—uv)du/\dU—QU(u—u2v+v3)du/\dv—2u(v+u3—qu)du/\dv (60)

= (_vz — v — 2uv + 2u*v? — 20t — 2uv — 2ut + 2u2v2) du A dv (61)
= (—2u4 — Suw — v? 4 4u*v? — 21)4) du A dv (62)
(2)
/ w = // (—2u4 — buw — 0% + 4uv? — 21}4) dudv (63)
H|K {u2+v2<9}
3 rvV9—u?
= / / (—2u" — 5uv — v? + 4u*v? — 20*) dvdu (64)
-3 J-v9-u2
9 3
=-= / 3 V9 — w2 (531 — 293u? + 56u*) du (65)
1
1, “

44



B AN

55 11.2
(1)

dz = coswucosvdu — sinwsin vdwv

Z 2T (¢ dy = cosusinvdu + sinu cos vdv
dz = — sinudu
dz A dy = (cosucosvdu — sinusinvdv) A (coswusinvdu + sin u cos vdw)
= sinwu cos ucos? vdu A dv — sin ucos usin® vdv A du
= sinucosudu A dv
dy A dz = (coswusinvdu + sinucosvdv) A (— sin udu)
= sin?u cosvdu A dv
dz Adx = (—sinudu) A (cosucosvdu — sinusin vdwv)
= sin®usinvdu A dv
p*w = 22de Ady + yPdz Ade + 23dy A d2 (67)
= (sin ucos* u + sin® u sin* v + sin® u cos* v) du A dv (68)
. 1 .
=sinu (4 sin* u (cos 4v + 3) + cos* u) du A dv (69)
(2)
. 1 .
/ w= // sinu ( sin® u (cos 4v + 3) + cos* u> dudv (70)
O (0,7)% (0,2) 4
™1 27 ™ 21
= / ~sin® u/ (cos4v + 3) dvdu + / / sinu cos* udvdu (71)
o 4 0 o Jo
= ;)w/ sin’® udu + 271'/ sin u cos* udu (72)
0 0
12
56 12.1
tcost tsint .
a(y(t) =" : d(rcost) + —"d (rsint) + rdt

=tcost(—rsintdt) + tsint (rcostdt) + rdt
= —rtsintcostdt + rtsintcostdt + rdt
=rdt
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57 12.2

¢*w = —vPvdu + w*dv + u? (v +v%) d (u? + v?)
= —v’vdu + v?dv + v® (u? + v*) (2udu + 2vdv)
= —v*odu + v?dv + 2u?® (u® +v?) du + 2u®v (v +0*) dv
= (2u° + 2u® — v?v) du + (2utv + 2u*0? +u?) dv

dw = / ((20° + 2uv® — u?0) du + (2u'v + 200 + u?) dv)
o {u+v2=1)

2utv + 2uv3 + ) dv =

(2u® + 2uPv? — w?v) du = (64 cos’t + 64 sin”t cos® ¢ — 8sint cos? t) (—2sintdt)
( 64 sintcos*t + 64sin®t cos?t + 8 cos® t) (2costdt)

|

— (2u5 +2ulv? —u v) du + (2u4v + 2ulvd + u3) dv = 16sin®tcos?t + 16 cos* t

2u® + 2u3v? — uw?v) du = —16 (8 sintcos®t + 8sin® ¢ cos3t — sin’ ¢ cos? t) dt
2utv + 20 + ) dv = 16 (8 sintcos®t + 8sin’ t cos® t + cos* t> dt
2

27
dw = / (16 sin®tcos?t + 16 cos? t) dt
ol 0

27
= / cos? tdt
0

=T

58 12.3

/(a+df)/\(/a’+dg):/(a/\5+deﬁ+aAdg+df/\dg)
S

S
d(ag)=darg—anrdg=—-andyg

d@Bf)=dBAf—-Brdf=-BAdf
d(fdg) =dfAndg—fad(dg) =dfAdy

/(a+df)A(6+dg)=/(a/\ﬁ+d(6f)—d(ag)+d(fdg))
S S
- /S (@A B+ (Y % (Bf)) — (V x (ag)) + (V x (fdg)))

:/Sa/\ﬁ

59 124

X
dw = d A gy/\gz
w = o242 | z N dx
v +zy te d:c/\dy
Va?+y? + 22

:#dm/\dy/\dz

V2 +y? + 22
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/ w:/dw
v 1%
2r T 271'2 5 . r i 271'2 5 .
:/ // ) 81ngz5d0d¢dp—/ // = . p°sin ¢dfdedp
0 o Jo P o Jo Jo P
2r T r T
=27 </ / 2psin¢d¢dp—/ / 2psin¢d¢dp>
0 0 0 Jo
2r T
=8 </ pdp—/ pdp)
0 0

= 1271
60 12.1
gfzﬁgm_a
a=df 35k, 8z=yQ?—%) :éf_/Qoﬁ—fﬂh—;ﬁwﬁ—f)+ﬂ%@
gi:—z(aﬂ—i—ﬁ)
e g = (r2 —22) WCRAT 3L 2 [1x2 (r2 —22) +g( z)} = (7‘2 —2’2)
Z aay—y dy |2 gy71 =Y
= a—yg(y,z):y(TQ—zz) — g(y,2) = y(r2—22)dy:§y2(r2—22)+h(z)
gﬁ:i ;;L'Q(T'Q—Z2)—|—;yQ(T2—22)+h(z):| :_(x2_|_y2)z+aazh(z):—z(x2+y2)
= h(z) =

uiib\a:df%&t?f:%@p+fﬂﬁ_%)

/azf(v(%))—f(v(()))

~
=f(R+r0,0)— f(R+7r,0,0)=0

rsinf —ycosf dz

dw=d rcosi+ysing | .| dy
2 2, 22 d

T+ Y+ z

zsin £ cos 2
2 + Y k

k k. dy Adz

_ zcosz ysing | .| dznad
—2x + k k z x
k k dz A dy

z
2cos —
k

61 12.2
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0 0 su
0 -1 0 €S?(1) T 5L ¢(uv) = sv T (su)? +
1 1 1—s
2
1*8)2:1 < ’LL +U +1)S *28—0:}(0 mttﬁé
W = ¢podl = w2 b D)
3
1-t . o
—t+1 9% 211
0 () — 1(4) — — _ #
W0 1) 1 |ve-| Er | 0| ens
- ! “E11 -
2 I 2 241 2+ 1
O—l————dtd __4JL:34, 44@444d x
L2 -t 1)’ vz (12 — v = ( —t 4 1)° ’
) a= L-2 < > tziﬂ dt 20T
(V) e ((tQ—t+1) —t+1 —t+1) (t2 —t4+1)?

/1 2t — 1

0 (12 —t+1)
d

/dt( 12 —t+1>dt

0

_ 42
e - o

/qﬁoalAl

4(t+1)
(12 + 1)

F7= dyl = 0,dpl = dt R T,

(2 +1)?
B 4(t+1) ™
/(boall|A1w_/() (t2 +1)? 7= 2

_ 42
dur = 270 4y qyz —0,dyz = 2

.
(2+1)? (2 + 1)

L8t (t+1
/ w:/ 8(_‘_3)(2175
$odL| Al o (t2+1)

=742

dt £b. (@bl)*a =

8t (t+ 1)

o 1)3dt &b

D (42 a=

MLE&D, dw =

olAZ

w\>l
1\3\\1
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63 13.2
J
1
J
P = ¢>oa2 21 ed3
]
4
costy 0
YU (t,te) = (1 —t1 — t2) COS 1 S (t,t2) = 0
sintg 0
t1 t1 COSty
0 t1sint
2 _ 3 _ 1 2 0V*,, _ N
P (tr,t2) = tcosts |'Y (t1,t2) = ) ED. (@) w=0, () w=0&Db,
tlsintg 0

/ w = / w=20
02| A2 $o0?|A2

() w = tidty A dts, (¥°) w = t3dt; A dts

Xo T, / / w—// t3dt,dt,
¢082|A2 $0d2|A2 A2

pEky [ o= [ we e[ e
o|A3 082\A2 $00F|A2 02| A2 $002| A2
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